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Abstract

Among Poisson manifolds, b-symplectic manifolds constitute an excit-
ing class, larger than symplectic manifolds, but still constrained enough
to get crucial results. In this paper, we build bridges between these math-
ematical models and physical problems. We show that usual b-symplectic
forms - canonical or twisted - can be interpreted physically. We also show
that magnetism mixes well with b-geometry and give an original model of
Hamiltonian dissipation.

1 Introduction

1.1 Background

Starting from physics, symplectic geometry is now one of the major subjects of
mathematics ([Can01]). In a manifold, a 2-form ω is called symplectic if it is
closed and non-degenerate. Closeness states that dω = 0, where d is the exterior
derivative. Non-degeneracy states that for any vector field v, ivω, where i is
the interior product, is point-wisely an isomorphism when v does not vanish.
A manifold with such a structure is called a symplectic manifold. Considering
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a function H over the manifold, called Hamiltonian, it is useful to consider its
associated Hamiltonian flow, which is the flow of the vector field X defined
by the equation iXω = dH, where d is again the exterior derivative. Such a
structure is called a Hamiltonian manifold. Let us remark that the existence
and uniqueness of X comes for the non-degeneracy of the symplectic form.

One of the main theorems of mathematical physics appears naturally in this
formalism, this is Noether’s theorem ([Noe18]). This result starts by considering
structure-preserving actions. One may study actions of any Lie group, but the
simplest case is a 1-parameter group. The action is then generated by a vector
field, let us say u, called the infinitesimal generator of the action. In such a
situation, Noether’s theorem gives the existence of a function over the manifold,
let us say F , preserved by the action and conjugated to u by the symplectic form.
Namely, iuω = dF , where i is the interior product. That is, Noether’s theorem
gives a sufficient condition to be a Hamiltonian flow. This function F is called
the momentum map. Moreover, in the case of a Hamiltonian manifold, a direct
corollary is that this generator F is preserved by the Hamiltonian flow, which
is an basic result of dynamics.

From a physical point of view, this result can be interpreted as very fun-
damental. Indeed, symplectic geometry is the natural language of mechanics
([LL60, JM99]). Starting from the configuration space, its cotangent bundle,
called the phase space, is canonically symplectic. Calling qi the space coor-
dinates, coming from the configuration space, and pi the momentum coordi-
nates, coming form the cotangent bundle, the canonical symplectic form writes
ω =

∑
i dpi ∧ dqi where ∧ is the exterior product. Considering the physical

Hamiltonian H =
∑
i
1
2p

2
i +V where the potential V only depends on space, the

associated Hamiltonian flow describes exactly the physical dynamics and gives
the usual Newton’s laws.

Thanks to this interpretation, a structure preserving action corresponds to a
physical symmetry. The associated momentum map F is now a physical quan-
tity preserved by the dynamics and meaning physically its conservation through
the time. For instance, the symmetry by translation gives the conservation of
momentum, while the symmetry by rotation gives the conservation of the an-
gular momentum. One major source of symmetries is the arbitrariness of the
observer and then the choice of coordinates. For instance, the two previous
examples come from the choice of the frame, that is the choice of the observer.
Physically, this principle is crucial to understand the physics behind the calcu-
lations. Moreover, reduction also interests physicists since it can simplify the
dynamical studies and solve many models.

In quantum physics, these principles also appear naturally ([CTDL18]). In-
deed, the formalism of commutators is related to symplectic geometry, and
Noether’s theorem also gives important results. In dynamics, the symplectic
formalism can be completed to include dissipation, this is the metriplectic for-
malism ([Mor84]). In addition to the Poisson bracket, coming from the sym-
plectic formalism, there is a dissipative bracket, coming from out-of-equilibrium
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thermodynamics ([CM20]).

In physics, the usual formalism of dynamics is Poisson geometry ([JM99]).
The Poisson manifolds are generalisations of symplectic manifolds. The sym-
plectic form is then replaced by its inverse, a bivector that we denote J . Indeed,
ω may be seen as a smooth map from the space of vector fields χ(P) to the space
of 1-forms Ω1(P), where P is the name of the manifold. When we consider ω
from this points of view, we will denote it ω[ to be clear. Non-degeneracy means
that this map an isomorphism, its inverse being J [. Similarly, J may be seen
as a bivector field or as a smooth map from the space of 1-forms Ω1(P) to the
space of vector fields χ(P), in the latter case, we denote it J [. To get a general
Poisson manifold, the idea is not to require J [ to be invertible. Consequently,
ω is no longer defined and we cannot use symplectic tools any more. A formal
definition of Poisson structures is the following:

Definition 1 (Poisson Manifold) A Poisson manifold (P, J ) is a differen-
tial manifold P equipped with a smooth bivector field J ∈ Γ

(
T2P

)
, where Γ

stands for the set of smooth sections, which fulfils the following properties:

(i) J is skew-symmetric, that is, J (α, β) = −J (β, α) for any 1-forms α, β.

(ii) J fulfils the Jacobi identity.

Among this large class of manifold, some of them are special. They are
the b-symplectic manifolds, where the singularity is restricted to a hypersur-
face ([GMP14]). These manifolds are almost symplectic and many results from
symplectic geometry remain true.

1.2 Basics of b-Geometry

Definition 2 (b-Manifold) A b-manifold (P, Z) is a differential manifold P
equipped with a hypersurface Z ⊂ P. A b-vector field over (P, Z) is a vector
field tangent to Z when restricted to Z. This definition allows us to consider
the b-tangent bundle of (P, Z).

This geometric definition may be written in coordinates. If z is a coordinate
defining the critical set Z, and (xi) the other coordinates, then a b-vector field
is locally of the form

∑
i fi∂xi + zg∂z where (fi) and g are smooth functions.

From this, one may define b-forms.

Definition 3 (b-Forms) The b-cotangent bundle is the dual of the b-tangent
bundle. Considering tensor products of this space, one defines b-forms.

Locally, a b-form is α∧ dzz +β where α and β are smooth forms. The exterior
derivative remains well-defined.
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Definition 4 (b-Symplectic manifold) The b-symplectic manifold (P, Z, ω)
is a b-manifold (P, Z) equipped with a closed b-2-form ω which is nondegenerate,
meaning that ωn is a non-vanishing b-volume form where 2n is the dimension
of P.

Locally, a b-symplectic form is dt ∧ dz
z +

∑
dxi ∧ dyi where (xi, yi, t, z) is a

set of coordinates.

2 Electromagnetism

2.1 Geometric construction

Considering the motion of a particle with massm and charge e in an electromag-
netic field, the configuration space Q is R3, with an electric potential function
φ and a magnetic vector potential A. The electric field is E = ∇φ and the
magnetic field is B = ∇×A. In Newton’s equation of motion F = ma, F is the
Lorentz force F = e(E + v ×B), a function of both position and velocity.

In the Hamiltonian formalism, A becomes a 1-form by the identification
between tangent and cotangent vectors induced by a fixed Riemannian metric.
This identification takes A to the 1-form < A, · >. Then, B is the 2-form dA.
The configuration space Q can be any manifold (not necessarily of dimension
3). The magnetic field is a 2-form B on Q. The Maxwell equation ∇ · B = 0
becomes the condition dB = 0. We define a new phase space T ∗BQ = (T ∗Q,ωB)
to be T ∗Q with the symplectic form ωB which is the sum of the canonical form
ωQ and the pullback of B by the natural projection T ∗Q → Q, i.e., ωB =
ωQ + π∗B. The charge e is set to 1. If A is any 1-form on Q, the “gauge
transformation" given by translation by A takes ωB to ωB−dA. In particular,
T ∗BQ is symplectomorphic to T ∗Q if and only if B is exact. We assume that
Q is provided with a Riemannian metric, which implicitly includes the mass,
so that the metric identifies velocity v in TQ with momentum in T ∗Q, by the
same way that it identifies the potential vector with the 1-form A. By abuse
of notation, we will also denote the momentum itself by v. The Hamiltonian
for the Lorentz flow is then 1

2 ||v||
2 + φ, with the magnetic field encoded in the

symplectic form ωB.

2.2 Nature of the magnetic form

To get a symplectic form ωB, we need B to be exact. This digression discuss
if it is common. First, can B be non-closed? Second, can it be closed but not
exact? We answer yes to these two questions and provide examples for these
three situations.

Setup: we work in the torus T 3 and denote (θ, φ, ψ) the coordinates. The
volume form is, as usual, Ω = dθ ∧ dφ ∧ dψ. We choose the circles to have
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2π as perimeter. Let us consider a magnetic vector field B = f(θ, ψ)∂ψ. The
magnetic term becomes B = f(θ, ψ)dθ ∧ dφ.

B is not closed. We define f(ψ) = sin(ψ) which is globally defined. That is,
B = sin(ψ)dθ ∧ dφ and dB = cos(ψ)dθ ∧ dφ ∧ dψ = cos(ψ)Ω. Then, B is not
closed.

B is closed but not exact. We define f = 1. That is, B = dθ ∧ dφ. Let us
imagine that B is exact, that is B = dα. We write, without loss of generality,
α = Fdθ + Gdφ with F and G depending on θ and φ. The equation B = dα
writes ∂θG − ∂φF = 1. Now G is periodic in θ and then ∂θG is periodic with
zero mean value. Then,

∫
∂θGΩ =

∫
dφdψ

∫
∂θGdθ = 0. Similarly,

∫
∂φFΩ = 0.

Integrating our equation then gives 0 = (2π)3, which is a contradiction.

B is exact. We define f(θ) = cos(θ). That is, B = cos(θ)dθ ∧ dφ. We have
B = d(sin(θ)dφ), so B is exact.

To conclude this paragraph, the magnetic term in the complete symplectic
form could destruct the closeness of the form. Then, it would no longer be a
symplectic form and Jacobi identity would no longer hold, which is physically
a problem. That is, we need to impose constraints on the form of the magnetic
field to get a physical dynamics, which corresponds to the divergence-free of
the magnetic field. This assumption physically means that there is no magnetic
monopoles ([HM20]).

2.3 A physical example

In this example, we illustrate another interest of closeness of the magnetic field,
which is Noether’s theorem. We also use this example to illustrate the use of
b-geometry to study asymptotic behaviours.

Let us consider M = R3 and T ∗M = R6. The usual volume form is Ω =
rdr∧dθ∧dz. In cylindric coordinates, we considerB = 1

rf(r, z)∂z. The magnetic
term is B = f(r, z)dr∧dθ. The symplectic form being ω = dθ∧dpθ +dr∧dpr +
dz ∧ dpz + f(r, z)dr ∧ dθ.

We consider the action of S1 by rotation given by ∂θ. In the coordinates,
the cotangent leaves action is also generated by ∂θ. This action is a symmetry,
which is clear physically and can be formally written as

L∂θω = di∂θ (dθ ∧ dpθ) + i∂θ (∂zfdr ∧ dθ ∧ dz)− d(fdr) = 0.

We calculate i∂θω = dpθ−f(r, z)dr. We want this form to be exact. First, it
must be closed, that is ∂zf = 0. This is natural since otherwise the symplectic
form would not be closed... Then, the space being contractile, it is exact. If
F (r) is a primitive of f(r), we see that B = d(F (r)dθ) and i∂θω = d(pθ−F (r)).
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Finally, the momentum map is µ = pθ − F (r). Using the modified Liouville
form λ = pθdθ + prdr + pzdz − F (r)dθ, which fulfils dλ = ω, we have the usual
formula < µ,α >=< λ,α∂θ >.

Now, let us change variables to get b-geometry. We define π = epθ , that
is dpθ = dπ

π . The symplectic form becomes a twisted b-symplectic form: ω =

dθ ∧ dπ
π + dr ∧ dpr + dz ∧ dpz + f(r, z)dr ∧ dθ. The Liouville form changes

too: λ = ln(π)dθ + prdr + pzdz − F (r)dθ. Finally, the momentum map writes
< µ,α >=< λ,α∂θ >= α(ln(π)− F (r)).

Physically, this is a particle moving in a magnetic vector field depending
only on r. The change of coordinates brings (minus) infinite angular velocity
at zero. If we add a potential V (r) going to −∞ far away to the Hamiltonian,
the potential will provide infinite energy and the magnetic field could make the
particle rotating so that the angular velocity diverges for infinite time. The
change of coordinates then brings this asymptotic behaviour to a finite one.

3 Some Physical Interpretations

3.1 Canonical and twisted b-cotangent lifts

The physical setting for symplectic geometry is to consider a configuration space
and its cotangent bundle. The physical symplectic form is the derivative of the
Liouville form λ =

∑
i pidqi. In b-geometry, there are two natural choices for

the Liouville form, giving two different symplectic forms.

1. Canonical type, λ = p1
q1
dq1+

∑
i>1 pidqi and

bωc = 1
q1
dp1∧dq1+

∑n
i=2 dpi∧

dqi

2. Twisted type, λ = log(p1)dq1 +
∑
i>1 pidqi and bωt = 1

p1
dp1 ∧ dq1 +∑n

i=2 dpi ∧ dqi

The canonical symplectic form assumes the discontinuity is at the base (the
transversal hypersurface Z is given by q1 = 0), while the twisted symplectic
form assumes the discontinuity is at the fiber (the transversal hypersurface Z is
given by p1 = 0).

3.2 Canonical interpretation for the non-twisted case

Considering the canonical b-symplectic form, the physical interpretation is usual.
It was indeed the first motivation to b-geometry and gave the name of b, coming
from boundary. It consists in pushing the boundary to infinity to get the physical
setting. Here, we write the same argument adding the magnetic field.

Let us work in R3 and start from the physical setting. We impose X > 0 and
regularize the boundary by considering x = ln(X). The canonical symplectic
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form then becomes ω = dX∧dpx
X + dy ∧ dpy + dz ∧ dpz. The canonical metric

becomes g = dX2

X2 + dy2 + dz2 with volume form dX∧dy∧dz
X .

Now we add the contribution of the magnetic vector field given by B =
b(X, y, z, px, py, pz)∂z. The direction is generic since the ∂X direction does not
mix with the singularity. Since the volume form is 1

X dX∧dy∧dz, the associated
magnetic form is B =

b(X,y,z,px,py,pz)
X dX ∧ dy. Then, the b-symplectic form is

ωB =
1

X
dX ∧ dpx + dy ∧ dpy + dz ∧ dpz +

b

X
dX ∧ dy (3.1)

The physical Hamiltonian is H(x,p) =
p2x+p

2
y+p

2
z

2 + V (x). The equations of
motion are obtained by the usual calculus

ιf1 ∂
∂X+f2

∂
∂y+···+f4

∂
∂pX

+f5
∂
∂py

+f6
∂
∂px

ωB = −dH =
∂H

∂X
dX +

∂H

∂y
dy +

∂H

∂z
dz · · ·

(3.2)

From this, we can calculate the Hamilton’s equations:

Ẋ = Xpx

ẏ = py

ż = pz

ṗx = −bpy −X∂XV
ṗy = bpx − ∂yV
ṗz = −∂zV

(3.3)

Making the change of coordinates X → x, we get back the usual equations of
motion. To conclude this paragraph, we have shown that sending the boundary
to infinity transforms b-geometry into classical symplectic geometry. The asso-
ciated b-metric and b-magnetic field also transform well and naturally. Finally,
it makes a consistent framework.

3.3 Canonical interpretation for the twisted case

For the twisted case, a similar interpretation is possible by bringing infinite
velocity to zero. Also, this is compatible with the use of magnetism. In this
section, we will explicitly give the associated change of variable and prove that
it is the only one giving the physical system under acceptable assumptions.

We consider the twisted b-symplectic form ω = 1
px
dx∧ dpx + dy∧ dpy + dz ∧

dpz and the usual volume form dx ∧ dy ∧ dz. Indeed, the singularity being in
impulsion, there cannot be a spatial singularity. Our magnetic field is, without
loss of generality, B = a∂x + b∂z where a and b are smooth functions. Then,
the total magnetic symplectic form is

ωB =
1

px
dx ∧ dpx + dy ∧ dpy + dz ∧ dpz − ady ∧ dz − bdx ∧ dy.
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We choose the generic Hamiltonian H = F (px)G(x) + 1
2p

2
y + 1

2p
2
z + f(q), whose

form is natural. At this point, F and G are general function. Our goal is to
choose them so we get back usual physics. Let us calculate Hamilton’s equations
in detail. First,

dH = F ′(px)G(x)dpx+F (x)G′(x)dx+pydpy +pzdpz +∂xfdx+∂yfdy+∂zfdz.

Writting the Hamiltonian vector field as X = αx∂x + αy∂y + αz∂z + βx∂px +
βy∂py + βz∂pz , we have

ιXωB =
αx
px
dpx+αydpy+αzdpz+(αyb−

βx
px

)dx+(αza−βy−αxb)dy−(αya+βz)dz.

We now identify terms. Starting with the impulsion 1-forms, we get
αx = pxF

′(px)G(x)

αy = py

αz = pz

(3.4)

and then 
βx = −pxF (px)G′(x) + bpxpy − px∂xf
βy = −bpxF ′(px)G(x) + apz − ∂yf
βz = −apy − ∂zf

(3.5)

That is, the equations of movement are:

ẋ = pxF
′(px)G(x)

ẏ = py

ż = pz

ṗx = −pxF (px)G′(x) + bpxpy − px∂xf
ṗy = −bpxF ′(px)G(x) + apz − ∂yf
ṗz = −apy − ∂zf

(3.6)

We want to change variables x̃ = ϕ(x) and to introduce its impulsion p̃x so
that: first,

˙̃x = pxF
′(px)ϕ′(x)G(x) = p̃x;

second, the Hamiltonian becomes

H = F (px)G(x) =
1

2
p̃2x =

1

2
p2xF

′(px)2ϕ′(x)2G(x)2.

This gives two equations, up to a multiplicative constant which is, without loss
of generality 1: {

p2xF
′(px)2 = 2F (px)

ϕ′(x)2G(x) = 1
(3.7)
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meaning {
dF√
F

=
√

2dpxpx
G(x) = 1

ϕ′(x)2 .
(3.8)

then, not considering constants,{
F (px) = 1

2 ln(px)2

G(x) = 1
ϕ′(x)2 .

(3.9)

From this, H is not formally a b-function, but almost if G is constant, mean-
ing that ϕ is an affine function. A translation corresponding only to the addition
of an associated logarithm of px is the Hamiltonian, it is not interesting. That
is, ϕ(x) = λx. In conclusion, p̃x = 1

λ ln(px) and H = 1
2λ2 ln(px)2 = 1

2 p̃
2
x.

Now, let us see what are the equations for the impulsion. Of course, pz is
not interesting.{

ṗx = bpxpy − px∂xf
ṗy = − b

λ2 ln(px) + apz − ∂yf = − b
λ p̃x + apz − ∂yf

(3.10)

Let us rewrite the first equation:

λ ˙̃px = bpy − ∂xf (3.11)

Up to a dilation, we may choose λ = 1. The equations become

˙̃x = p̃x

ẏ = py

ż = pz
˙̃px = bpy − ∂xf
ṗy = −bp̃x + apz − ∂yf
ṗz = −apy − ∂zf

(3.12)

They are the usual equations but generated with another Hamiltonian,

H =
1

2
ln(px)2 +

1

2
p2y +

1

2
p2z + f(q)

and the twisted symplectic form. The correct and only change of variables to
get the physical system is then, as expected, px → ln(px). Also, we see that
the magnetic part does not mix with the singularity and then there is not a
complication.

Such a change of variables is now allowed thank to b-geometry and may
be useful to study some asymptotic behaviours. A basic example of this was
discussed in subsection 2.3
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3.4 An original model of Hamiltonian dissipation

We work in M = R and T ∗M ∼= R2, with the twisted b-symplectic setting, we
use the Hamiltonian

H(q, p) =
p2

2
+ f(q) (3.13)

The Hamilton’s equations derived from ιXH
bωt = −dH are:{

q̇ = p2

ṗ = −p∂f∂q
(3.14)

We do not study the trivial situation, so initially p > 0. As long as this
remains true, we may define y = ln(p). Then, ẏ = −∂qf and since ln(q̇) =
2ln(p) = 2y, we find

q̈ = −2q̇∂qf.

The special case f = λ
2 q is exactly the situation of a free massive particle

with viscous friction. This is exceptional because friction is non-conservative
and then cannot be described by the usual basic Hamiltonian setup. Now, the
critical surface means zero velocity. Indeed, viscous friction cannot bring you
to this point in finite time. This model, using a general viscous integral f could
bring complex behaviours. Now, it is possible to use Hamiltonian tools to study
it, for instance for Hamiltonian simulations. The limit of this model is that
it is unidimensional and that no additional force can be added. These general
models seems, up to now, too viscous to work in such a setup.
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