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Chapter 1

Introduction to Differential
Topology

In this chapter we mainly follow [GP74].

1.1 Basic tools in Differential Topology

1.1.1 A crash course on Differential Geometry

Definition 1.1.1 (Abstract smooth manifold). A smooth manifold is a two-
countable Hausdorff topological space X such that, for every p € X, there exists
an open neighbourhood U C X and a mapping ¢ : U — R™ which induces an
homeomorphism between U and ¢(U) and such that given intersection U; and
U;, the mapping

(,0]' o gO;l : Lpl(Uz N Uj) — QOJ(Ul N Uj)
is C*°. The dimension of the manifold is n.
Remark 1.1.2. We will usually assume X C R"”

Theorem 1.1.3 (Whitney). Every manifold X of dimension k can be embedded
into Rk,

Definition 1.1.4 (Smooth manifold). A smooth manifold is a two-countable
Hausdorff topological space X such that, for every p € X, there exists ¢ :
U — R¥, where U is an open neighbourhood of p (with the induced euclidean
topology) and ¢ is a local diffeomorphism.
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Remark 1.1.5. A diffeomorphism is a smooth map with smooth inverse.

Remark 1.1.6. We will use the following notation:
p:U; CXCR" =V, C R* are coordinate charts.
Q= 1 V; — U; are called parametrizations.

Ezample 1.1.7. The circle, S' = {z € C | |z|| = 1}, is a smooth manifold of
dimension 1. It can be equipped with the following charts. Any point z € S!
can be written as z = 2™ for a unique ¢ € [0,1). Define the map

v,: R — St
t N 62i7Tt
For any ¢, the map v, restricted to the interval I, = (¢—1/2, c+1/2), namely
> = V|1, is a homeomorphism from I.. to St \ {—z}, which is, in particular, a
neighbourhood of z. Then, ¢, := u; ! is a chart of S! near 2.

Example 1.1.8. A generalization of the previous example, the sphere S" =
{(z0,...,2,) € R* | 3°F 22 = 1} € R™. Two proper charts for S are
the North and South stereographic projections, on and @g:

on: S"\{(-1,0,...,00} — R™

(0,21, -, Zn) — (1+20) - (21,...,20)
ps: S"\{(+L0,...,00} — R™

(o, @1y ..oy ) — (1—20) t (21,...,20)

Ezample 1.1.9. The Cartesian product X X Y of two manifolds X and Y is
a manifold. If {U,,¢q} and {V3,1g} are atlases for the manifolds X and Y
of dimensions m and n, respectively, then the collection {U, x V3, 9a X g :
Ua x Vg — R™ x R"} of charts is an atlas on X x Y.

Ezxample 1.1.10. The n-torus T® = S x --- x S' can be equipped with the
Cartesian product of charts of S!, i.e., with the charts {(¢.,,...,®.,)} where
each ¢; is a chart of S*.

Ezxample 1.1.11. An open subset U C X of a manifold is also a manifold. Its
charts can be taken as restrictions ¢|y of charts ¢ for M.

For instance, the real n x n matrices, Mat(n,R), form a manifold, which is
a vector space isomorphic to R™*. The subset GL(n,R) = {A € Mat(n,R) |
detA # 0} is open. Hence it is a manifold.

Ezample 1.1.12. The real projective plane RP™ = S™/, . = S"/(Z/(2))
Definition 1.1.13 (Canonical definition of the tangent space at a point). The

tangent space of the manifold X at the point z € X is T, (X) := Im d¢,, where
$0(0) = 5 *(0) = z (o is a centered chart).
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Remark 1.1.14. This definition is canonical, does not depend on the parametriza-
tion. Take two different parametrizations ¢! and ¢? and define h := (¢?) "t oo?!,
which is smooth by definition. Then,

(do")o = (d¢)o o ho,

so Im(d¢')y C Im(dg?)o. Interchanging roles, we obtain that Im(d¢?); C
Im(d¢')o and, hence, Im(d¢!)o = Im(d¢?)o.

Remark 1.1.15. A consequence of Definition 1.1.13 is that the dimension of
T,(X) is equal to the dimension of X.

Definition 1.1.16 (Derivative of an smooth mapping). Let f : X — Y be a
smooth map between smooth manifolds. Suppose z € X and y = f(z). Then,
(df)g : To X — T,Y is defined as follows. Take any charts ¢; and 1);, centered
at x and y, respectively.

T.x (df )«

T,Y
Pi %’

h
RF = THRF — R! = TR

So (df )y := dip; ' o hodyp;.

Remark 1.1.17. The chain rule holds.

1.1.2 Basics on Differential Geometry

Definition 1.1.18. A curve 7(t) on a smooth manifold M is a differentiable
map from (—¢,e) CR to M.

Definition 1.1.19. Let f : M — N be a differentiable map between smooth
manifolds. The linear tangent mapping of f : M — N at ¢ € M, denoted by
(df )q, is defined as follows. If 4(0) is the tangent vector to the curve v(t) € M,
dfy : Ty(M) — Ty N assigns to it the tangent vector to the curve f(vy(t)) € N,
at t =0.

This definition allows to draw the following commutative diagram:
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df
T™ TN
™™ ™
f
M N

Definition 1.1.20 (Vector field 1). A wvector field X over a manifold M is a
derivation. That is, it is a R-linear map X : C*°(M,R) — C*°(M,R) such that
it satisfies the Leibniz rule, i.e. X(f,9) = fX(9) + X(f)g. A vector X, at a

point p € M satisfies X,,(f,9) = f(p)Xp(g9) + Xp(f)g(p).
The set of all vector fields over a manifold is X(M).

Definition 1.1.21 (Vector field 2). A vector X, at a point p € M is an equiv-
alence class [y] of paths v : (—¢,¢) — M such that (0) = p, ¥(0) = X,, and
¥ ~ v if d(p o) /dt|lt=o = d(p o 7)/dt|i=o for any coordinate chart (us,¥q).
The association of a vector X, to each point p € M defined a vector field.

Definition 1.1.22 (Tangent bundle 1). The tangent bundle TM of a manifold
M is defined as TM = UpEM T,M = {(p,X,) | p€e M, X, € T,M}, and is
equipped with the natural projection 7 : (p, X;,) — p: TM — M.

Remark 1.1.23. T'M is a smooth manifold of dimension 2 - dim M.

Definition 1.1.24 (Vector field 3). A wvector field X over a manifold M is a
map X :p+— X, : M — TM such that 7 o X = idp;. In other words, a vector
field is a section of the tangent bundle.

We introduce a definition that will be used later.

Definition 1.1.25 (Lie Algebra). A Lie algebra is a pair (X(M),[-,]) such
that X(M) is a vector space and such that the Lie bracket [-,-] : X(M) x
X(M) — X(M) is an operator which is skew-symmetric, bilinear and satisfies
Jacobi identity ([X,Y](f) = X (Y (f)) — Y(X(f))).

Definition 1.1.26. An integral curve -y of a vector field X € X(M) is a curve
v : (—e,e) — M such that v/(t) = X (v(¢)).

Locally, integral curves always exist. Take coordinates (Uy, o = (1,...,Zn))
and X =Y | X?0/0x;. Then, the equality writes as

> = Y XG0 = 2= X))

which is a system of ODE’s, whose solution exists locally but not always globally.



1.1. BASIC TOOLS IN DIFFERENTIAL TOPOLOGY 9

Definition 1.1.27. A vector field X € X(M) is complete when all its integral
curves exist globally (they can be extended to all ¢ € R).

Ezercise 1.1.28. If M is a compact manifold and X € X(M), then X is complete.

Definition 1.1.29 (Flow of a vector field). Assume M is a compact manifold.
Then, the flow ¢ of X € X(M) is given by

¢p: MxR — M
(z,1)  — 7X()

where 72X () is an integral curve of X passing through .

It is immediate to check, from the definition, that any flow ¢ satisfies the
following properties:

o ¢(x,0) =u=x.
o Vt €R, ¢y(z) := ¢(x,1) is a diffeomorphism.
* P(p(x,5),t) = p(x,5 +1).

Consider two vector fields X,Y € X(M). With the idea of deriving Y with
respect to X, one could naively write

YO YR
t—0 t ’

where Wg((t) is the flow of X, but this expression is not well defined since
Y (X (1) € T x )M and Y (p) € T, M, so we can not subtract them.

Instead, we use the derivative of 4;' (¢), that fixes it since dv;* (t) : Tyx M —
T,M. Then, we can write

(dvy (=) (Y (' (1) = Y (p)
t—0 t ’

which is well defined. This is how we define the Lie derivative.

Definition 1.1.30 (Lie derivative). For any two vector fields X,Y € X(M),
the Lie derivative of Y with respect to X is

d

LxY = a(dvﬁ((—t))(y(w}f(t)))\t:o~
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The Lie bracket that appears in the definition of a Lie algebra (1.1.25) co-
incides with the definition of the Lie derivative, i.e. [X,Y] = LxY.

If X is a smooth vector field on M, the application of df,; to X, denoted by
f+X, is called the pushforward.

The linear tangent mapping is also called the differential of f at ¢ € M.
For a smooth vector field X € X(M), the differential acts on X exactly as
(dfy)(X) = X(f). It is more intuitive, though, to think that it is the directional
derivative of f with respect to the field X. Notice that df, is an element of
(T, M)*, the dual of T, M.

Definition 1.1.31. Given two vector fields X, Y € X(M), the Lie bracket of
vector fields between X and Y is defined as the field [X, Y] that assigns to each
q € M the tangent vector given by

(X, Yp(f) = Xp(Y(f)) = Yo(X(f))-

Definition 1.1.32. A differential r-form (or, simply, a r-form) a on a smooth
manifold M consists on assigning to each ¢ € M an element oy of A"(T,M)*,
where A" means the wedge product of r dual vector spaces. The space of all
r-forms on M is denoted by Q"(M).

k-forms satisfy a A B = (—1)!*1I813 A a, where || is the degree of the form

When a differential form o € Q7(M) satisfies da = 0, it is called a closed
form. If a = dg3, for some 3 € Q"~1(M), it is called an exact form.

Definition 1.1.33. Let X, X5,..., X, € X be smooth vector fields and « €
Q"(M) an r-form. The interior product tx« of a with X is a r—1-form that is
defined as

LXOé(XQ, ce ,Xr) = a(X, )(27 PN ,XT).

It is also called the contraction between o and X.

Definition 1.1.34. Let a be a differential r-form on a smooth manifold M.
The exterior derivative of « is the differential (r+1)-form da defined in the
following way. If X, X1,..., X, are smooth vector fields defined on M, then

d()((Xo, . 7)(7.) = Z(—l)iXi(O[(Xo, ce ,Xi, . ,X,.)) +

+) (D)X, X1, Xo, -, Xy X X,

i<j
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where [-, ] is the Lie bracket of vector fields and X; denotes the omission of the

element X;.

Axiomatically, the exterior derivative can be defined in the following way:

Theorem 1.1.35. For each k, 3d : QF (M) — QFtY(M) such that:

e d is R-linear.
e dlaNB)=daAB+ (-1)ands.
e d coincides with the usual differential operator in Q°(M).

o If f € Q°(M), then d(df)) = 0.

The exterior derivative satisfies the following properties:

1. If U C M is open, then a|y = Bly = do|u = dB|u.
2. d*> =0.
3. d(fdxy A+ ANdxy) =df Adxy A+ ANdxy,.

Theorem 1.1.36. Let M™ be a manifold. Let OM be the boundary of M and
i © OM < M the inclusion. Let o € Q"1 (M) be a differential form with

compact support. Then,
/da:/ "o
M oM

The generalization of the Lie bracket between vector fields is the Lie deriva-
tive. In the more general definition, the Lie derivative £ x R evaluates the change
of a tensor field R along the flow of a particular vector field X on a smooth man-
ifold M. We list the three most used Lie derivatives:

e The Lie derivative of a scalar function f € C(M) with respect to X is
Lxf = X(f), the directional derivative of f with respect to the X field.

e The Lie derivative of a vector field Y € X(M) with respect to X is LxY =
[X,Y], the Lie bracket.

e The Lie derivative of a r-form a € Q"(M) with respect to X is Lxa =
txda + dux o, which is known as Cartan’s magic formula.
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Definition 1.1.37. Let M be a differential manifold. For a point ¢ € M,
consider the set of all tangent vectors on M at ¢ and denote it by T, M. Then,
TM, the tangent bundle of M, is defined as the disjoint union of all the sets of
tangent vectors, i.e.:

T™ := | | T,M.

qeEM

It is equipped with the canonical projection
n: TM — M
(g;v) — ¢

In the same way, the cotangent bundle of M, T*M, is defined as the dual
vector bundle over M, dual to the tangent bundle T M of M. It is also equipped
with the canonical projection

. T"M — M
(¢,p) +— ¢

Definition 1.1.38. Let ¢ : M — N be a smooth map and let f: N — R be a
smooth function. The pullback of f by ¢ is a smooth map defined by

(" (@) = fe(a)), qe M.

Let a € Q"(N) be a differential r-form on N. Let X1,..., X, € X(M) be smooth
vector fields on M. The pullback of a by ¢ is a differential r-form defined by

(0 a)g(X1,. .., Xp) 1= ayq)(deg(X1), ... dpe (X)), g€ M.

Example 1.1.39. Consider the 1-form o = zdy — ydz and the usual change to
polar coordinates:

p: RxS — R?
(r,0) +—— (rcosf,rsinf)

To compute p*a, the pullback of a by ¢, we have two methods:

Method 1.

(¢*a)(rg)y = rcosBd(rsinf) —rsinfd(rcosf) =
=rcosf(sinfdr 4+ rcosfdf) — rsinf(cosf dr — rsin6 df) =
=12 cos®0df + r?sin® 0 df = r* df
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Method 2.
(0™ a) o) (vr,vp) = (frsinﬂ rcos&) <COS€ —rs1n9> (vr> =

sinf  rcosf Vg
_ 2\ [ Ur
— (0 r)(ve)

The pullback acts nicely on wedge product of differential forms, i.e., f*(a A
B)=franfB.

= p*a=r2df

The pullback also acts nicely with the exterior derivative, i.e., f*(da) =
d(f*a).
Differential forms are a tool to measure k-volumes.

Example 1.1.40. Let M be a smooth manifold. Let a € Q'(M) be a 1-form
and let v : I — M be a differentiable curve on the manifold. Then, Len, () =
[i7va=: fv a.

Ezample 1.1.41. Let M™ be a smooth manifold. Let w € Q"(M) be a volume
form and let (U, ¢) be a local coordinate chart. Then, Vol,(U) = [, ¢*w. This,
together with a partition of unity (see def 1.6.1), makes it possible to define

Jarw-
Example 1.1.42. If ¢ : S¥ — M™ is an immersion, then we can define fS « for
an a € QF(M).

1.2 De Rham Cohomology

1.3 Transversality and Normal Forms

1.3.1 The Inverse Function Theorem, Immersions, Sub-
mersions, the Regular Value Theorem

In many cases, new manifolds are created from considering submanifolds. Differ-
ential Topology offers a technique in this direction that consists in considering
objects that cut transversally.

Theorem 1.3.1. Suppose f: X — Y is a smooth map whose derivative at any
point x € X is an isomorphism. Then, f is a local diffeomorphism.

An immediate consequence of the theorem is that, under its hypotheses,
dim X = dimY. Going in the other direction, if we know that dim X < dimY’,
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the best we can get is that f : x — Y is an immersion. This is the case if, for
every x € X, (df), is injective. If, on the contrary, dim X > dimY’, the best
we can reach is a submersion, and this is the case if, for every x € X, (df), is
exhaustive.

Theorem 1.3.2 (Local Immersion Theorem). Suppose f : X — Y is an immer-
sion at a point x € X, and let y = f(z) €Y. Assume dimX =k <l =dimY.
Then, there exist local coordinates around r and y such that

flz1,...,zp) = (21,...,2,0,...,0).

Proof. Consider the following commutative diagram:

dl o] (1.3.1)

with ¢(0) = z and ¢(0) = y.

We seek to modify ¢ in order to apply the Inverse Function Theorem. As
dgo : RF — R! is injective, there exists a linear change of coordinates that

transforms it into the matrix (Ik> . And define G : U x RI=F — R* by
Ixk

dg 0
G(a7al+1a "'aak) = (g(a)aal+17 --->ak) — dGO - < 00 dldlk) = Idk
(1.3.2)

So G is a local diffeomorphism at 0. By construction, g = 7o G (where 7 is
the local submersion or projection in Euclidean spaces). Finally,

X 4f>Y
& |¢ oG (1.3.3)
U ul %4

O

Exercise 1.3.3. Is it true that the image of an immersion always a submanifold?
Prove it or give a counterexample.
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Definition 1.3.4. An immersion that is injective and proper is called an em-
bedding.

Theorem 1.3.5 (Local Submersion Theorem). Suppose f : X — Y is a sub-
mersion at a point x € X, and let y = f(x) € Y. Then, there exist lo-
cal coordinates around x and y such that f(x1,...,2) = (x1,...,2;), where
dimX =k >[dimY.

Proof. The proof of this theorem is just like proof of the local classification of
immersions. Consider the following commutative diagram:

dl g (1.3.4)

with ¢(0) = z and ¢¥(0) = y.

Since dgo : R¥ — R/ is surjective, there exists a linear change of coordinates
that transforms it into the matrix (1;]0);x%. Define G : U — R¥ by

d 0
G(a,ai41, ..y ax) = (g(a), aj41, ..., ar) — dGo = ( go dldl_k> = Idy.
(1.3.5)

So G is a local diffeomorphism at 0. Then G is locally invertible, and G~!
exists as diffeomorphism of some open neighborhood U’, of 0, into U. By con-
struction, g = w o G (where 7 is the local submersion or projection in Euclidean
spaces). Finally,

(1.3.6)

We have shown that the canonical submersion 7 is equivalent to any sub-
mersion f.

O

Definition 1.3.6. The codimension of an arbitrary submanifold Z of a manifold
X is codim Z = dim X — dim Z
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Theorem 1.3.7. Let f : X — Y be an embedding, i.e., an injective immersion,
which is proper (that is, for every compact in'Y, its preimage is compact). Then,
the image of f is a submanifold.

Definition 1.3.8. For a smooth map of manifolds f: X — Y, a point y € Y is
a reqular value for f if df, : Tp(X) — Ty (Y) is exhaustive at every point = such
that f(x) = y. In this case, x € X is called a regular point. If a point z € X
is not a regular point, it is called a critical point. In this case, y = f(z) € Y is
not surjective (exhaustive) and y is called a critical value.

Theorem 1.3.9 (Regular Value Theorem). Let f : X — Y be a smooth map
between smooth manifolds. For every reqular value y €Y, f=1(y) is either () or
a submanifold of dimension dim X —dimY" and Tj-1(,) X = ker(df),.

Proof. We have to work locally. Fix a given point x in the preimage of y

(z € f71(Y))

By the Local Submersion Theorem (1.3.5), there exist coordinates in some
open neighborhoods of z,y such that f(z1,...,x2x) = (z1,...,2;) for I < k and
y = (0,....,0). If V is the neighborhood of x. Then f~!(y)(V is the set of
points where z - -+ = x; = 0 because f(f~(y)) = 0 in an enough small neigh-
borhood of © where Theorem 1.3.5 holds true. The functions x;41, ...,z form,
therefore, a coordinate system on the set f~1(y)(V (which is a relatively open
subset, what means that is open in the induced topology). So, together, these
functions then form a diffeomorphism between the set f~!(y) and an Euclidean
space.

We also have, by the fact that y is a regular value, a surjection of tangent
spaces from x to y. This ensures the smoothness of the solution set f~!(y), of
the inverse function.

Finally, as the set f~!(y) is cut out by these functions x;;1, ..., ) , then

dim(f'(y)=k-(+1)+1=k—Il=dimX —dimY (1.3.7)
O

1.3.2 Transversality

Definition 1.3.10. A mapping f : X — Y is said to be transversal to the
submanifold Z C Y, and it is denoted by f th Z, if the transversality equation
Imdf, +T,Z = T,Y holds at every x = f~1(y) € f~1(2).
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Example 1.3.11. If f is the inclusion map i : X — Y, the transversality equation
becomes T, X +T,Z =1T,Y.

Theorem 1.3.12. If the smooth map f : X — Y is transversal to a submanifold
Z C Y, then the preimage f~1(Z) is a submanifold of X. Furthermore, the
codimension of f~1(Z) in X equals the codimension of Z in'Y.

Example 1.3.13. One particular case of transversality of f : X — Y with Z is
when Z = {y}, with y € Y. Tt is the case of the Regular Value Theorem.

If Z isapoint y € Y, then T,,Z = {0}. Thus, transversality holds if and only
if Imdf, = T,)Y, i.e., if and only if f is regular at f~!(y), where f : X — Y. So
transversality includes regularity as a special case.

Remark 1.3.14. If f is the inclusion i : X — Y and Z C Y, theni~'(Z) = XNZ

and Imdi, = T,Y, where y = f(x). The transversality equation is written as
T.Y +T,7Z = T,Y, which is obviously true, so X m Z.

Theorem 1.3.15. The intersection of two transversal submanifolds X and Z
of Y is a transversal submanifold. Moreover, codim(X N Z) = codim(X) +
codim(Z).

Example 1.3.16. Take f : t — (0,¢) : R — R? and Z = {(x,y) € R? | y = 0}.
Then, f is transversal to Z.

Now take f : t — (t,t?) : R — R? and Z again as the z-axis.Then, f is not
transversal to Z because at zero the span of the tangent vectors is the same.

Ezample 1.3.17. The plane xy and the z axis intersect transversally:

< (1,0,0),(0,1,0) > + < (0,0,1) >= To(zy) + To(z) = (1.3.8)
= Tp(R?) =< (1,0,0), (0, 1,0),(0,0,1) > (1.3.9)

Ezample 1.3.18. The zy plane and the plane spanned by < (3,2,0),(0,2,1) >
are transversal:

As before, we want T, (X) + Ty (Z) = Ty(Y'). That is, the generated space
by T,(X) and by T,(Z) is indeed R? and it suffices that the matrix generated
by 3 of these 4 vectors is non-degenerate. Indeed:

1
0
0

N = O

0
0|=1+#0 (1.3.10)
1

Ezample 1.3.19. The z axis and the plane spanned by < (1,2,0),(1,1,0) > are
not transversal:
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1 00
1 2 0/=0 (1.3.11)
1 10
Ezample 1.3.20.
¢ components ¢ components
’ ' b
R® x {0} and {0} xR are transversal in R®ifa +b > ¢
If a + b < c it is not true, because we have the following matrix:
1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
= 1.3.12
0 0 0 1 0 0 (1.3.12)
0 0 0 0 0
0 0 0 0 1

Ezample 1.3.21. Let V be a vector space. V x {0} and AV (the diagonal) are
transversal in V' x V:

V(u,0) € V xV as (4,7) = (¢,0) — (0,0) + (0,0) = (¢ — 4,0) + (¥,7)
and (7 — 7,0) € V x {0} and (7,7) € AV. Thus the two subspaces intersect
transversally (in 0 x 0).

Ezample 1.3.22. The subgroup of symmetric matrices (S(n) = {A € M(n) :
Al = A}) and skew symmetric matrices (A* = —A) are transversal in M (n):

We can express VC € M(n) as C = 3(C+C)+3(C—C') and L (C+CY) €
S(n) and 1(C—C") is a skew symmetric matrix. Thus both, subspaces intersect
transversally.

1.4 Homotopy and Stability

The idea of stability is that something is stable if it remains the same after a
small perturbation.

Definition 1.4.1. Let X and Y be two smooth manifolds and fy, f1 : X — Y
two smooth functions. An homotopy between fy and f; is a continuous map
F: X x[0,1] — Y such that, for every z € X, F(z,0) = fo(x) and F(z,1) =
fi(x). We also call f; a deformation of fo and denote F(z,t) by fi(z).

Remark 1.4.2. We will always assume that our homotopies are smooth.

Remark 1.4.3. Homotopy is an equivalence relation on smooth maps from X to
Y and the equivalence class is its homotopy class.
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Definition 1.4.4. A property is called stable if, whenever fy : X — Y possesses
the property and f; : X — Y is an homotopy of fj, then, for some ¢ > 0, and
for each t € (0,¢), f; also possesses this property.

Ezample 1.4.5. Consider curves in the plane., i.e., smooth maps from R to R2.
The property that a curve passes through the origin is not stable since a small
wiggle can immediately distort a smooth curve to avoid 0. The transversal
intersection with the z-axis is, on the other hand, a stable property.

Example 1.4.6. The condition det A # 0 is stable.

Theorem 1.4.7 (Stability Theorem). The following classes of smooth maps of
a compact manifold X into a manifold Y are stable classes:

~

. Local diffeomorphisms,

2. Immersions,

3. Submersions,

4. Embeddings,

5. Maps transversal to any fized submanifold Z C Y,

6. Diffeomorphisms.

Proof. We are going to prove that immersions are a stable class. It automatically
implies that local diffeomorphisms are a stable class, because a local diffeomor-
phism is an immersion in which the target space has the same dimension than
the source space.

Assume that f: X — Y is a smooth immersion and X is compact. Assume
that fi(x) is an homotopy of f. We must produce an £ > 0 such that f; is an
immersion for all ¢ € (0,¢). Equivalently, we have to find an € > 0 such that
d(f:)z is injective for every (z,t) € X x (0,¢).

By hypothesis, fo = f: X ¢ R¥ — Y C R! (with k& < [) is an immer-
sion. Then, if we consider d(fy).,, with zg € X, its injectivity is provided by
hypothesis. It implies that the [ x k differential matrix

,

contains a k x k submatrix C which is non singular.
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The determinant of a matrix is a continuous mapping, and so is each com-

ponent %(mo) of the differential matrix with respect to ¢ and . Then, since

det C' # 0, for any (x,t) in a neighbourhood U of (z(,0) the submatrix C' has
a non zero determinant. Hence, d(f;), is injective V(z, t) in this neighbourhood.

Since X is compact, any open neighbourhood U of X x {0} contains X x [0, £]
for some € > 0. Then, d(f;), is injective in X X [0,¢] and we have stability of
immersions. O

1.5 Sard’s Theorem and Morse Functions

1.5.1 Sard’s Theorem

Theorem 1.5.1 (Sard’s Theorem, ”almost every point” version). Let f : X —
Y be a smooth map between smooth manifolds. Then, almost every point in'Y is
a reqular value of f. In other words, for almost everyy € Y, df, : T, X — T,)Y
is surjective for any v € f~1(y).

We introduce the concept of zero measure to restate Sard’s Theorem.

Definition 1.5.2. A set A C R™ has zero measure if it can be covered by
a countable number of regular solids with arbitrary small measure (volume).
Namely, for every ¢ > 0, there exists a countable covering {Si,...}2; such
that A C U2, S; and such that Y .-, Volume(S;) < e.

The concept of zero measure can be extended to manifolds in local parametriza-
tions in the following way.

Definition 1.5.3. Given a manifold X, a set A C X has zero measure if o, (A)
has zero measure for every parametrization .

Theorem 1.5.4 (Little Sard’s Theorem). Let f : X — Y be a differentiable
map between smooth manifolds. Suppose dim X < dimY. Then, f(X) has zero
measure.

Definition 1.5.5. Let f : X — Y be a smooth map between smooth manifolds.
A point z € X is a critical point of f if df, is not surjective. A point y € Y is
a critical value of f if there exists x € f~!(y) such that z is a critical point.

Theorem 1.5.6 (Sard’s Theorem, ”zero measure” version). Let f: X —Y be
a smooth map between smooth manifolds. Then, the set of critical values of f
has measure zero.
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Corollary 1.5.7. The regular values of any smooth map f: X — Y are dense
Y. In fact, if f; : X; — Y is a countable set of smooth maps, with X; a
countable set of smooth manifolds, the set of points in'Y that are simultaneously
reqular values for all f; is dense in'Y .

Proof. For any i, consider C; to be the set of y € Y such that y is a critical value
of f;. By Sard’s Theorem, we know that C; has zero measure. For any € > 0
and for each 4, consider {S},S%,...}, a countable covering of C; (C; = UjS§),
such that each S has zero measure and

oo
Z Volume(S}) < /2" =: &;.
j=1
Then, Y772, 3277 Volume(S)) < X% i =32 e/2 =« O

Remark 1.5.8. It is not true that the set of critical points of a function has
measure zero. For instance, take f : X — Y a constant function and then any
point of X is a critical point of f.

Sard’s Theorem can be applied to prove that Morse functions are ”dense”
and to prove the Whitney Embedding Theorem.

1.5.2 Morse Functions

Consider a differentiable manifold M without boundary, and let f: M — R be
a smooth function.

Definition 1.5.9. A point p € M is called a critical point of the function f if
the tangent map df, : T,M — TR = R is zero. In this case, we say that f(p) is
a critical value.

Definition 1.5.10. Let p be a critical point of a function f € C*(M). The
Hessian of f at p is the bilinear map

Hyf]: T,MxT,M — R
(u,v) — u(Xu(f))

Lemma 1.5.11. The Hessian Hp[f] is well defined (this means, it does not
depend on the choice of X, ), and it is a bilinear and symmetric map.

Proof. We check that it is symmetric:

Hy[f](v, w)=Hp[f](w,v) = v(Xo (f)) —w(Xo(f)) = Xol, (Xu(f)) = Xul, (Xu(f)) =

= [Xwa”p (f) =dpf - [Xv, Xu] =0,
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where the last term is zero because d,f = 0 because p is a critical point for f.
Thus, H,[f](v,w) = H,[f](w,v).

Looking again at the definition,

Hy[f](v,w) = v(Xuw(f)),

we see that this does not depend on the extension X, as in the expression it
only depends on X, (p) = v. On the other hand, H,[f](v,w) = Hp[f](w,v), so,
by the same argument, the Hessian does not depend on the extension chosen
for w. This proves that the Hessian is well defined.

Finally, the Hessian is bilinear, because
Hy[fl(au + o, w) = (au + Bu)(Xuw(f)) =

= au(Xy(f)) + fo(Xu(f)) = aHp[f](u, w) + SHy[f](v, w),

and the same argument applies to the second component by symmetry. O

Remark 1.5.12. If (x4, ...,x,) is a local chart centered at a critical point p € M
and f is the local representation of f in this chart, then the local expression of

H,[f] is the matrix
— . &F

s’

Definition 1.5.13. The index of p is the dimension of the maximal subspace
V C T, M such that Hy[f]],, is negative definite.

Definition 1.5.14. A non-degenerate critical point of f is a point p such that
in any local chart a local representation Hp[f] has maximal rank.

Remark 1.5.15. The definitions of index and non-degenerate critical point are
independent of the choice of coordinates, because the index and nullity of a
matrix are independent of the basis chosen to represent it, so they are also
invariant under any change of coordinates.

Definition 1.5.16. A function f € C*°(M) is a Morse function if all its critical
points are non-degenerate. If f is a Morse function, we define

Crit(f) = {p € M |df, = 0},

Crity(f) = {p € Crit(f) | p has index k}.

From the Local Submersion Theorem (1.3.5), the neighbourhood of any reg-
ular point is regular. For the case of a critical point, we have the Morse Lemma.
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Lemma 1.5.17 (Morse Lemma). Let p € Critg(f). Then, there is a local
coordinate system (U, (Y1, ...,yn)) centered at p such that

flo=F®)—yi — . —vp + Yosr + - + V2.

Proof. A local expression fof f can be derived from the fundamental theorem
of calculus:

~ - 1 1 n ~
f(x):f(0)+/0 Wdt:f(p)-i—/o Zmi%(txh...m)dt.
i=1 g

Lo
o ~
Take g;(z) = / 8f (txq,...,txy,)dt and write f as
0 O

f@) = fp) + ingi(l“)-

Since ¢;(0) = %(0) = 0, we can apply the same procedure for each 4, so there
are functions h;; such that

gi(z) = Z zjhij (),

f@) = fp)+ Y miajhy(@).

i,j=0
These functions satisfy that

1 9%f
ij(O) o 581’181"7

(0),

and
hij = hji.
Then, we apply inductively a change of coordinates following, at each step, the

next idea:

Suppose that there is a local coordinate system (U, (u1, ..., uy)) (with Uy C
U) such that

f=flp)£ud+.. £u2 |+ Z wiui Hyj(u),

i,j2r

where (H;;);; form a symmetric matrix and (H;;(0)); ; form a non-degenerate
matrix. Let us suppose that H,..(0) # 0 (if it is not the case, we can apply a
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linear change of coordinates to ensure it). Take S(u) = /|Hy-(u)|, which will
be a non-vanishing positive function of u in a neighbourhood Uy C U;j of 0.
Thus, we can introduce the new local coordinates (v1, ..., v,) on Uz as

v; =wu; fori#r,
Hir (u)
Upr + U; .
Z H,, (u)}

Using the inverse function theorem we conclude that (vy,...,v,) form an

vp(u) = S(u)

invertible smooth set of coordinates in a neighbourhood of the origin, Us C Us.
It can also be seen that

f(v)=f(p)+ Z (£07) + Z v;v;Gij(v),

i<r ©,J>r
where G;; are symmetric and form a non-degenerate matrix at v = 0.

Therefore, after applying these steps n times we can construct the coordinate
system in some neighbourhood U of p satisfying the claimed properties. O

Corollary 1.5.18. The set of non-degenerate critical points of a differentiable
function is isolated.

Ezample 1.5.19. The height function of a Torus is a Morse function.

Theorem 1.5.20. Let X — RY be a smooth manifold and f : X — R a smooth
function. Then, for almost all a = (ay,...,an) € RN, fo(z) = f(z) + (a,z) =
f(x)+a1x1 + -+ anxy is a Morse function.

This theorem comes to say that Morse functions are ”dense”. To prove it,
we start proving a lemma.

Lemma 1.5.21. Let f : U € R¥ — R be a smooth function on an open set
U. Then, for almost all k-tuples a = (ay,...,ax) € R¥, the function f, :=
f+aixy + -+ agzy is a Morse function on U.

Proof. Consider g : U — R* defined as g(z1,...,73) = (%,...76‘%). Ob-
serve that (df,), = g(p) + (a1,...,ax). Then p is a critical point of f if and
only if g(p) + (a1,...,ax) = 0. So, if g(p) = —(a1,...,ar) = —a, p is a critical

point of f,.

Notice that f and f, have the same second derivatives, in both cases, the
Hessian is dg,. The critical point p is non-degenerate if dg, is non-singular.
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Now, assume —a is a regular value for g. Then, for any p such that g(p) = —a,
the differential dg,, is non-singular and, hence, p, the critical point of f, is non-
degenerate.

Applying Sard’s Theorem (1.5.1) to the function g : U — RF, which is a
smooth map between smooth manifolds, we conclude that almost every point
in R¥ is a regular value of g. In other words, for almost every a € R*, dg, :
R*¥ — RF is surjective for any € g~'(a). We conclude that for almost every
a € R¥, the Hessian H(f,) = dg at every critical point of f is non-singular, so
f is a Morse function. O

Now, we prove Theorem 1.5.20 on denseness of Morse functions on any
smooth manifold.

Proof of Theorem 1.5.20. We have f : X — R a smooth function, with X c RV
and, then, k := dim X < N. We want to prove that f, = f +a1z1 + - -anyxn

is a Morse function for almost all @ = (ay,...,ay) € RV.
Suppose z € X and set = (z1,...,2x), where z; are the standard coordi-
nate functions on RY (considering ¢ ~!(z) the parametrization, i.e. (¢1,...,¢N)

the coordinate functions). Since the dimension of X is k, we know that We know
that the differential at any point z € X spans a vector space of dimension k. In
other words, rank(d(x1,...,2n)) = k, where d(z1,...,2x) is the differential of
the coordinate function. Then, there exist (z;,,...,2;,) : X — R* that define
a local diffecomorphism when restricted to X. Assume that df(zq,...,2x) is
non-singular and, so, (x1,...,x) is a coordinate system.

ol RF — UcCX
po— ¢ ') = (21, 1)
We can cover X with open subsets U, such that, on each, some k of the

coordinate functions form a coordinate system. By the second axiom of count-
ability, we can assume that there are countable many U,,.

Let X = Up,(Uy,), with U, C R*. Take ¢ = (cj41,--.,cn) and consider the
function f(o’c) : Uy — R defined as f(O,c) = f+ k1241 + -+ enTN-

fized

We apply Lemma 1.5.21 (which says the same as the theorem we are prov-
ing, but only for open sets) to f(g.). The Lemma implies that, for almost all
b= (by...,b) € R¥, the new function foe) = fo,e) 0121 + - + by s a
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Morse function on U,.

Set S, = {a € RV | £, is not a Morse function}. We want to prove that S,
has zero measure. Set a = (a1,...,an) = (b1,...,bk, Ck41,...,cn) and con-
sider RY "sliced” by the spaces {ax4+1 = Cri1,-..,an = cy}. The idea of fixing
these N —k coordinates is that we make S, intersect with R¥ x {c} and, for any c,
cach slice S, N(IR¥ x {c}) has zero measure by the Lemma 1.5.21 applied on f(o, ).

By Fubini’s theorem, since each slice has zero measure, the total measure
of S, is zero in R™. Since X is second countable, X = Upp, (U, ), where A is
countable. So S = US, is a countable union of zero measure sets and then S
has zero measure. O

Now we restate the Whitney Theorem (1.1.3).

Theorem 1.5.22 (Whitney’s Embedding Theorem). For any compact smooth
manifold X of dimension k, there exists an embedding f : X — R2k+1,

Proof. We want to prove that every k-dimensional compact manifold X ¢ RV
admits an embedding on RZ?**!. 1In fact, if X C RY is k-dimensional and
N > 2k + 1, we will produce a linear projections that restricts to a one-to-one
immersion on R?**1 that restricts to a one-to-one immersion of X.

Proceeding inductively, we prove that if f : X — RM is an injective immer-
sion with M > 2k + 1 then there exists a unit vector such that the composition
of I with the projection map to the orthogonal complement of this vector is still
an injective immersion.

We look for a one-to-one immersion of X, which we already know that will
be proper because X is compact by hypothesis and for compact manifolds one-
to-one immersions are embeddings.

Define the following maps:

g: T(X) — RM
(z,u) —  dfy(u)

h: XxXxR — RM

Assume M > 2k+1 (if M < 2k+1, we are done). By Little Sard’s Theorem
(1.5.4), there exists an a € RM™ belonging to neither the image of g or h. Let
7 be the projection of RM onto H := (a)*. Consider 7o f : X — H ~ RM-1,
where f denotes the immersion. Let us check that 7 o f is an immersion.
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o 7o f is injective: w(f(z)) = n(f(y)) = f(z) — f(y) =t - a for some scalar
t. If ¢ # y, then t # 0, since f is injective (it is an embedding). But then,
h(z,y,1/t) = a, but a is not in the image of h, which is a contradiction.

e d(mo f) is injective: dms(,)odf, = modf,. Observe that (d(mo f),)(v) =0
iff df,(v) =t - a for some scalar t. Hence, since d is linear, df,(v/t) = a,
contradicting the fact that a does not belong to the image of g.

1.6 Partitions of Unity
The idea of partitions of unity is to go from local aspects to global aspects on
a manifold.

Definition 1.6.1. A partition of unity in a manifold X is a set {f, : X —
R}aea such that:

1. For any = € X, there exists an open neighbourhood U such that the
number of f, that satisfy f,(U) # 0 is finite.

2. 0< fo <1 for any a.
3. Forallwe X, ) ) folz) =1
Proposition 1.6.2. Let X be a manifold. Then, there exists a partition of

unity subordinated to any atlas {(Ua, ©a)}taca. I.e. the support of each fqo is
contained in U,,.

Proof. Without loss of generality, we can assume that o (U,) C B2(0), that
X = Uaeap, 1 (B1(0)) and that the atlas is locally finite (for any x € X, there
exists a finite number of charts U, that contain x).

Take a function f € C>°(R™,R) such that:

e f(B1(0)) =1,
e f(R™\ By(0)) =0,

s 0<f<,

the so-called bump function. This function defines a partition of unity on X.
Let us see that it exists and how the partition of unity is defined.
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Take the following real function:

() e~V if e >0
€T) =
g 0 ifxz<0

which is a smooth function. Define a new function

g(x)
h r=-———-—
= o)
that satisfies that h(x) = 1 if > 1 and h(z) = 0 if z < 0. Now, take

k(z) = h(z +2) - h(—x 4+ 2) and finally consider f = (Ha:||) which satisfies the
properties of a bump function.

Take the charts

0. — fops inU,
“ 0 else
Then, p, = 29“9 adds up to 1 and is a partition of unity. O

1.6.1 Applications of Partition of Unity

The partition of unity is used, for instance, to show that a manifold can be
equipped with a Riemannian metric.

Definition 1.6.3 (Riemannian metric). A Riemannian metric on a manifold
X is amap g, : T, X x T, X — R such that it is:

e Bilinear,
e Symmetric,
e Positive definite.

Proposition 1.6.4. Every manifold admits a Riemannian metric.

Proof. Take an atlas {(Uy, ¢o)} of the manifold X. For every x € U, define
(X, Yy) Z Xiy?,
where

Xﬁzgxma—mi, Ym:ZYra—%.

i=1
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For every x € X, take

_ Pady (sz Ym) in Uy,
9z (Xr; Yz) = X
0 outside

where p, is a partition of unity.

Finally, take
gm(Xz» Ym’) = Zgz(Xam Yx)v

«

which is indeed a Riemannian metric. O

1.6.2 Morse Theory and Applications to Topology

The goal of Morse theory is to reconstruct the topology of a manifold from a
Morse function. If X is a smooth manifold and f : X — R a Morse function, f
can give information on the topology of X. An example of usage of this idea is
the Reeb Theorem.

Theorem 1.6.5 (Reeb). If a compact manifold X of dimension n admits a
function f: X — R which is Morse and has only two critical points, then X is
diffeomorphic to S™ (X = S™).

In this section, we denote by X, the set of € X such that f(z) < ¢ for a
fixed Morse function f: X — R.

Proposition 1.6.6. Consider f : X — R. Take a,b € R such that f~1([a,b]) C
X is compact and does not contain any critical point. Then, X, is a deformation
retract of Xy and, moreover, X, = Xp.

Proof. Let (X,g) be the manifold X with Riemannian metric g, that is, a
Riemannian manifold. Then, define the gradient of f as the only solution of
g(grad,v) = df (v) for every vector v. Its uniqueness is due to non-degeneracy
of g when seen as g(grad, -) = df.

Let W C X be the set of non-critical points of f. Consider any Riemannian
metric g on X and take Y to be Y = grad f/|| grad f||? € X(X) in W.
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Let v be the maximal integral curve of Y and compute d/dt(f(v(t)).

d

S ((0) = df (v(1) Y'(t) =

A
— d(0) - V(1) =

— glerad f((0)), Y (2(1) =
~ Ty S0 S 1)
=1

Then, f(7(t)) = f(7(0)) + ¢,
Remark 1.6.7. K := f~1([a, b]) is compact by hypothesis. Take v(0) €= f~1(a).
There are two possible cases:

1. v(t) € K for any t € I,t > 0. Since K is compact, the flow is defined for
all t. Then, [0,00) C I. In particular, [0,b —a] C I.

2. The solution y(t) goes out of K for some s > 0. Then, b < f(y(s)) =
f(7(0)) + s = a + s, implying that s > b — a and that [0,b —a] C I.

In both cases, we have that [0,b —a] C I.

Now, we extend the field Y defined on W to the whole manifold X. Consider
a bump function ¥ : X — R such that 1| = 1 and its support is in W. The
field Y defined as
- o in X \ W = Crit(f)

is well-defined. Let ¢! be the flow of Y and consider ¢ = b—a. The map ¢’ is

well defined and it is a diffeomorphism that takes X, to X;. Now, we construct
the desired retraction r : X x [0,1] — X, in the following way:

r(z,t) == r i fiw) < o
T e f@D () ifa < f(z) < b

The Reeb Theorem (1.6.5) is a corollary of this proposition.

Proof. Since X is compact, f(X) is compact and we can normalize it without
loss of generality and assume f(X) = [0,1]. The two only critical points of f
have to be a maximum and a minimum, so there exist p € X such that f(p) =0
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and ¢ € X such that f(q) = 1.

By the Morse Lemma (1.5.17), in a neighbourhood of the minimum criti-
cal point p, we can write, f = 2% + --- + 22, while in a neighbourhood of the
maximum ¢, we can write f = 1 — 2% — .- — 2. So, for a small ¢ > 0, the
set {x € X | 22 4+ -+ 22 < ¢} is a disk D". Hence, there exists ¢ > 0
such that f=1([0, €]) is diffeomorphic to a disk. The same reasoning at the max-

imum ¢ leads to the conclusion that f~1([1—¢,1]) is diffeomorphic to a disk D™.

Because of the proposition, since there are no more critical points, the
sets X. and X;_. are diffeomorphic. Then, their boundaries 9f~1([0,¢]) and
df~([1 —&,1]) are diffeomorphic via ¢, the flow of the gradient vector field.

Finally, we want to see that we can gluing the two disks to give the sphere
S™ and we can do it explicitly. S™ is the gluing of two n-disks via the identity
map on its boundary (which is $"~! = 9D"), i.e., S* = D7 L;q DY/ ~ with the
equivalence relation ~ given by

xe€D} ~ye Dy < y=id(z).

But X is the gluing of two n-disks glued via ¢, not the identity, but this is
not a problem, since we can construct S™ = D} L, D3/ ~ using the equivalence
relation:

zreDt~yeDy <= y=op).

Then, construct the following diffeomorphism h between the two disks that
effectively glues them as is in the sphere case:

h: S"=Dyu,Dp — DY Uyq D}
. HzHcp(ﬁ) if z € D1,z € Do\ {0}
0 else

O

Theorem 1.6.8. Let p € X be a non-degenerate critical point of f : X — R
and let k be its index. Define ¢ := f(p). Consider ¢ > 0 small enough such
that f~([c—¢e,c+e]) is compact and does not contain any other critical points.
Then, M. = M._. U D*. It implies that M., . is homotopically equivalent to
M,._. with a cell attached.
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Chapter 2

Lie Theory

This chapter follows [Bry95] and [DKO00].

2.1 Lie Groups and Algebras
Definition 2.1.1 (Lie group). A Lie group G is a smooth manifold G that has
a group structure and whose maps

m: GxG@ — G
(a,b) +— a-b

i: G — G

a +— a !

are smooth.

Some examples of Lie groups are R and C equipped with the addition opera-
tion and GL(n,R) and GL(n,C) equipped with the matrix product. A classical
set of Lie groups is the family of matriz Lie groups.

Definition 2.1.2 (Matrix Lie group). A matriz Lie group is a subgroup G
of GL(n,C) that is closed in GL(n,C), meaning that if (A, )men C G with
lim,;, 00 Ay = A € Mat(n x n,C), then either A € G or A is not invertible.

The most studied Lie groups are, in fact, matrix Lie groups. Some examples
of matrix Lie groups are:

o SL(n,R)={A € GL(n,R) | det A =1},
e O(n,R)={A4A € GL(n,R) | A'A =T},

33
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SO(n,R) = {A € GL(n,R) | A'A=1,det A =1},

U(n)={A4 € GL(n,C) | A*A =TI},
e SU(n)={AeGL(n,C)| A*A=1,det A =1}

Sp(2n,R) = {A € GL(2n,R) | A'JA = J}, with J a nonsingular skew-
symmetric matrix (the group of symplectic matrices).

The unit 1-sphere S' = {z € C | ||z]| = 1} = {¢* | 6 € R} is also a

Lie group, where multiplication is given by e . ¢if2 = ¢!(®1+02) and inverse by

(€)1 = e~%. The 3-sphere also admits a Lie group structure with quaternions,
S3 ={qe H||q| =1}, where H = {a + bi + ¢j +dk | a,b,c,d € R,i*> =
j2 = k* = ijk = —1}. S? does not admit a Lie group structure, and this is
consequence of the Hairy Ball Theorem.

Theorem 2.1.3 (Hairy Ball Theorem). There does not exist a non-vanishing
continuous vector field tangent to the sphere S™ if n is odd.

Theorem 2.1.4 (Cartan’s Closed Subgroup Theorem). If H is a closed sub-
group of a Lie group G, then H is an embedded Lie subgroup.

Definition 2.1.5. If G is a Lie group, the left translation by an element g € G
is defined as:

L, G — (G
h +—— g-h =m(g,h)
Similarly, the right translation by g € G is defined as:
Ry: G — G
h +— h-g =m(h,g)

Lemma 2.1.6. L, and R, are diffeomorphisms.
Proof. From the definition, one can check that:

e L, is smooth.
[ ] Lg-g’ = Lg . Lg/.
° (Lg)_l =L,1.

g

The same for R,. O

The left and right translations induce the maps d(Ly)p : TG — Ty, G and
d(Rq)h : ThG — Tth.
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Definition 2.1.7. A vector fleld X € X(G) left-invariant if d(Lg)nXn = Xgn.
We denote by X(G)H(%) the set of left-invariant vector fields. In the same way
we can define right-invariant vector fields.

Definition 2.1.8. Let e € GG denote the identity element of the Lie group G.
We denote the tangent space of G at e, T.G, by g.

Lemma 2.1.9. There is a one-to-one correspondence between X(G)%) and g.

Proof. Take X € g and take X, = d(L,).X € T,G, where d(L,). : T.G = g —
T,G. Then, it is clear that X € X(G). Since m : G x G — G is smooth, so is
m(g,-) = Lg. Now
X: G — T,G
g — X, =d(Ly).X
since X is a section such that mo X = Idg,with 7w the projection 7 : TG — G.
Moreover, X, is a left-invariant vector field, i.e., d(Lg)hXh = Xypn. We prove it:
d(Lg)nXn = d(Lg)nd(Ln)e Xe =
=d(LgoLy)eXe =
=d(Lgp)eXe =
Finally, since L, is a diffeomorphism, d(Lg). is a local isomorphism, so we get
the one-to-one correspondence. O

Back to S2. Suppose that S? has a Lie group structure and find a contra-
diction. Take X € T,S5%, X # 0. Then, obtain X a left-invariant vector field on
52, Since d(Ly)e is a local diffeomorphism, X is nowhere zero.

Actually, g is more than a vector space. Endowed with a Lie bracket, it is a
Lie algebra. We recall its definition.

Definition 2.1.10 (Lie Algebra). The pair (g, [, ]) is a Lie algebra if g is a
vector space and [+, -] : gx g — g is bilinear, skew-symmetric and satisfies Jacobi
identity.

The definition of Lie algebra arises from the fact that each Lie group has an
associated Lie algebra.

Definition 2.1.11 (Lie Algebra of a Lie Group). Let G be a Lie group, and con-
sider g = T.G. Consider [, -] defined over g as [X,Y] := [d(Lgy)X,d(Ly).Y] =
[X,Y]e. (g,[,-]) is called the Lie algebra associated to the Lie group G.

Remark 2.1.12. dimg = dim G.
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2.1.1 Lie Algebras associated to Lie Groups

The general procedure to compute the Lie algebra (g, [-,-]) of a Lie group G is:

1. Find e € G.
2. Find g = T.G.

3. Compute )?g =d(Ly)X for an X € g.

4. Compute [X,Y] = [X,Y]..

Ezample 2.1.13. The Lie group G = (R", +), with e = 0 and g = ToR™ = R".
We compute the Lie Bracket in the following way. Take X € g = R” and
compute )Z'g = d(Lg)oX. To compute d(Ly)oX, we will use the fact that for
any map f, any point p and any vector v, the following equality is satisfied

L f o)l

d =
v dt

if 4(0) = p and +/(0) = v.

Define « : (—e,e) — R" such that v(0) = e = 0 € R™ and 7/(0) = X.
The natural  that satisfies both conditions is v(t) = 0 +tX. Now, d(Lg)oX =
4 (L 04(®)heo = L(g + (0 + X))imo = Xli—o = X. Then, X, = X and

Y, =Y are both constant vector fields. Therefore, [X,Y]o = [X,Y] constant
and, hence, [X,Y] = LxY =0.

The Lie algebra associated to G = (R™, +) is:

(R™,[X,Y] =0).

Ezample 2.1.14. The Lie group G = (GL(n,R),-), withe = I,, and g = T, G =
Mat(n x n,R). Take X € g and compute X, = d(Ly), X using the same trick
of the previous example.

Define v : (—¢,6) — GL(n,R) such that v(0) = ¢ = I, and 7/(0) = X.
The natural v that satisfies both conditions is v(t) = I, +tX. Now, d(Lg), X
%(Lg oy(t)]t=o = %(9 (In + tX)|t=0 = gX|t=0 = gX. Then, X, = gX an
Y, = gY, so they are non-constant vector fields.

o,
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Now, defining y!(¢) = I,, + tX and 4%(t) = I, + tY, we compute:
(X, Y], = X1, (Y) = Y1,(X) =

d ~ d -~
= = (Y1, 07 (#))li=0 = = (X1, 0 ¥*(1))l1=0 =

dt
= i((ln +tX) 1Y) |t=0 — i((ln +tY) I, X)|i—0 =
dt dt
= XY|t=0 = Y X)|t=0 =
=XY-YX

which is known as the commutator of matrices.

The Lie algebra associated to G = (GL(n,R), ) is:

(Mat(n x n,R), [X,Y] = XY — Y X).

2.1.2 Lie Groups and Lie Algebras Homomorphisms
Definition 2.1.15. Let G, H be Lie groups. A Lie group homomorphism ¢ :
G — H is a morphism between groups and a smooth map between manifolds.
Remark 2.1.16. It is sufficient to ask ¢ to be continuous to obtain smoothness.

Definition 2.1.17. Let (g, [-,-]g) and (b, [, ]s) be Lie algebras. A Lie algebra
homomorphism ¢ is a linear map ¢ : g — b such that

[6(X), o(Y)]y = ¢([X, Y]g)

Lemma 2.1.18. Let ¢ : G — H be a Lie group homomorphism. Then, do. :
T..G=9g—T.,H =Y is a Lie algebra homomorphism.

Proof. We have to check that ¢ is a Lie algebra homomorphism, i.e., that it is
a linear map such that [d¢.(X),do.(Y)]y = doe([X,Y]q).

dge([X,Y]g) = dge([d(Lg)e X, d(Ly)Y]g) =
= [d(Lp)edpe X, d(Lp)eddeY |y =
— [dg. X, dp. Y]y

Now, the left hand side is equal to dqbe([)?,?]g) and the right hand side is
equal to [dpe X, dp.Y]y.
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We claim that dg.X), = d¢.X,. Indeed:
de Xy = dpe(d(Lg)eX) = d($ 0 L)X = d(Ly, 0 $). X = dpe X,
Using this claim, we get
dpe([X,Y]g) = [dde X, dg. Y]
O

Corollary 2.1.19. The Lie algebras of two isomorphic Lie groups are isomor-
phic.

Lemma 2.1.20. Let G be a matrixz Lie group. Then, the Lie bracket of G is the
usual Lie bracket of matrices, i.e., the Lie bracket of the Lie group GL(n,C).

Proof. To prove the lemma, just consider the inclusion map i : G — GL(n, R).
O

The next examples show what are the Lie algebras of some classical matrix
Lie groups.
Ezample 2.1.21. Take O(n,R) = {A € GL(n,R) | A'A = I}. Then, o(n) :=
T;,0(n,R). Let X € o(n), so X is the representative of the paths v such that
~v(0) = I, and 4(0) = X. One obvious candidate is v(t) = I, + tX. But
in order to guarantee that v(t) € O(n,R) for every ¢t € (—¢,¢) we consider
y(t) = I, + tX + O(t?). Then, the path is really on O(n,R) if and only if
v(t)ty(t) = I,,. Then, it is necessary that

(Iy +tX + O(2)) - (I +tX + O(t)) = I, + t(X + X*) + O(t?) = I,,.

Then, X + X! = 0. The other terms in O(#?) do not play any role. Hence,
o(n) = {A € Mat(n x n,R) | A+ A" = 0}.

Ezample 2.1.22. Take SO(n,R) = {A € GL(n,R) | A'A =I,det A = 1}. Then,
by the same computations done for O(n,R), so(n) = {4 € Mat(n x n,R) |
A+ At =0}.

Ezample 2.1.23. Take SL(n,R) = {A € GL(n,R) | det A = 1}. Let X € sl(n),
so X is the representative of the paths v(t) € SL(n,R) such that v(0) = I,
and 4(0) = X. For any of such ~(t), we have that det(y(¢)) = 1. Then, if
~(t) = (a;,;(t)), we know that: a, ;(0) = J; ;. Besides, we know that

det(y(t) = > <sgn(o)Hai,m(t)> =1

oceS,
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Hence, deriving with respect to t, we obtain that

o ) (£
oESR i=1 i—1 U0

Evaluating the latter expression at t = 0, we deduce that:

> aj,;(0)=0.
i=1
Then, sl(n) = {A € Mat(n x n,R) | tr A = 0}.
Definition 2.1.24. A smooth manifold M is parallelizable if there exist X1,..., X, €

X(M) such that, for every p € M the set {(X1)p,...,(Xn)p} forms a basis of
T,M.

Lemma 2.1.25. FEvery Lie group G is parallelizable

Proof. If G is a Lie group, then any basis of g = T.G is a smooth global frame
for G. O

Remark 2.1.26. A non-orientable manifold does not admit a Lie group structure.
Lemma 2.1.27. Let f : M — N be a diffeomorphism and X, Y € X(M). Then,
df (X, Y]a) = [df (X), df (V)]

Proof. Take any g € C*°(N) and compute df ([X,Y]ar)(g)-

df (X, Ym) ) (9) = [X
= Xp

=

I
&

= &
—
=
S

2.1.3 The exponential map

Theorem 2.1.28. Let M be a manifold and X € X(M). For everyp € M, there
exists I,,, a neighbourhood of 0 in R, such that there is a solution vy : I, — M

with 7(0) = p and 3(t) = X (4(1)).
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Proof. We prove unicity. Assume that there exist two solutions (v1,/;) and
(72, I2) of

(2.1.1)

Then, for any ¢t € I} N Iz, v1(t) = 72(t), so there exists a maximal extension to
a given solution. O

Lemma 2.1.29. Let G be a Lie group. Then, left-invariant vector fields are
complete.

Proof. Let us take a maximal solution 7 : I — G such that it is solution to:

(2.1.2)

where X € X(G)H% (meaning that X is a left-invariant vector field). We claim

that (Ly o) : I — G is a solution to:

{;i(Lg °)(t) = X (gv(1)) 213
(Lgo)(0) =g

Indeed, &£ (Ly 0 9)(t) = d(Lg)yt) (7 (1)) = d(Lg)yy X (7(t)) = X(Lg 0 ~(t)) =
X(g(1)).

Assume I = (—a, b) and consider g = y(b—¢). Then, we have just proved that
~ and 7 are two integral curves of X and % extends =y, which is a contradiction
with the fact that the interval I = (—a,b) was maximal. Then, I is unbounded.

O

Definition 2.1.30. A I-parameter subgroup of a Lie group G is a smooth R-
homomorphism ¢ : (R, +) — (G, -).

Proposition 2.1.31. There is a one-to-one correspondence between left-invariant
vector fields and 1-parameter subgroups.

Proof. Let ¢ be a 1-parameter subgroup. Take X, = d¢0(%) and left-multiply.

On the other hand, let X be a left-invariant vector field and take the integral
curve v : (R,4+) — (G, ) such that v(0) = e € G. It is complete by Lemma
2.1.29. Tt just lasts to prove that v(t + s) = y(t)y(s).
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Let us denote 71 (t) = v(s) - v(t) and v2(t) = v(s +t). It is easy to check
that both 1 (t) and 5(¢) are integral curves of X:

d d

£V1(t) =

7 (L) ©7(1) =
= d(L(s))y(1)(7(t)) =
= d(Ly(s))y) (X (v(1))) =
= X(v(s)7(®))
= X(m()

and similarly for v2(¢). In both cases, the initial condition is the same, because
v1(0) = v(s) = 72(0), so we end the proof. O

Definition 2.1.32. Let G be a Lie group and g be a Lie algebra. The expo-
nential map is defined by:

G

exp: g —
X — %)

where where *y)z : R — @ is the unique one-parameter subgroup of G whose
tangent vector at the identity is equal to X.

Proposition 2.1.33. Suppose exp is the exponential map of the Lie group G.
Then:

1. exp is smooth.

2. exp(tX) = yi)(t).

3. exp((s+t)X) = exp(sX) - exp(sT).

4. d(exp)o : Tog = g — Tog = g is the identity.
5. exp is a local diffeomorphism.

6. If f: G — H is a Lie group homomorphism, and F := df., the following
diagram commutes:

g _r
expGJ/
f

b
le"pH (2.1.4)
G — H
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Proof. 1. The existence theorem of ODE’s implies smoothness with respect

to initial condition, but not necessarily with respect to X. To solve this,
define a vector fiels Y € X(g x G) as

Yieg) = 0a + X,
Now, the flow of Y is
wty(zﬂ h) = (Z7R,ye)7(t)(h))'

Since ¥{4,g) is smooth, R_x (h)) is smooth too and so is ¥} (z, h). Hence,
as h - 'yf(t) = Rﬁ/;(t)(h)) is smooth. If we evaluate the expression at

h =e,t =1 we obtain that ’ye}?(l) = exp(X) is smooth.

. Consider 71(s) := y%(s-t). Then, 1/(s) =t- X (y*(s-t)) = X (n(s)). Then,

7 is an integral curve of the field tX. Thus, by definition of exp, we see
that exp(tX) = n(1) = vX(t).

cexp((s +1)X) =X (s +t) =7%(s) - 7X(t) = exp(sX) - exp(tX).

. In order to check it, let us compute dexpy(X). We take o : (—e,6) — g

such that o(0) = 0 and ¢’(0) = X. For instance, we take o(t) = tX. We
compute:

d d
dexpy(X) = — (exp(tX))li=o = 277 (#)li=0 = X

. Apply the Inverse Function Theorem to check that exp is a local diffeo-

morphism.

. Let X € g. Define o(t) = f(exp®(tX)). We need to prove that o(t) is

the integral curve of the left-invariant vector field F(X) € XL(H). By
definition, exp™ (tF (X)) = v¥X)(¢). Tt is clear that ¢(0) = ey and,
on the other hand, %o(t)\tzo = dfe, X = FX. This proves that o is a
I-parameter subgroup, so f(exp® (X)) = exp (F(X)).

O

Ezample 2.1.34. Take G = (R,+) and g = (R",[,,] = 0). Then, for any
X € g=R", X, = X. And we have that exp(X) = X.

Ezample 2.1.35. Take G = (GL(n,R), ) and g = gl(n,R). Then, for any X € g,
)N(g = ¢ - X. And we have that exp(X) = 755(1). Since 'y)? (t) satisfies % =
X (7% (1)) = vX(t)- X, we have that 4% (£) = e!X. Then, exp(X) = eX =3 Xk—,k
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Definition 2.1.36. Let G be a matrix Lie group. Then, the associated Lie
algebra is defined to be

g={X € Mat(n xn,C) | '* € G Vt € R}.

Baker—Campbell-Hausdorff formula

Consider a Lie group G and its Lie algebra g. Take a small neighbourhood V'
around 0 € g such that exp |y : V! C g — U’ C G is a diffeomorphism. Take
a smaller neighbourhood U such that U -U € U’ and U~! € U’ and denote
V = exp }(U) (then, exp~!|y : V — U is still a diffeomorphism). In this
construction, it is clear that, for every X, Y € V,exp(X) - exp(Y) = exp(Z) for
some Z € V.

Theorem 2.1.37. There exists Z = pu(X,Y) such that exp(X) - exp(Y) =
exp(Z) holds. p:V xV — V can be written only in therms of Lie algebra
operations, i.e., X,Y,[X, Y], [X,[X,Y]],...

Let us compute p for GL(n, C). We already know that for A € gl(n, C),exp(A) =
eA =3 Ak—f. We use its expansion at 0 to obtain:

1 1
et = (I+tA+ §t2A2 +--)W(I+sB+ 55232 +.) = (2.1.5)
1 1
:I+tA+sB+§t2A2+ 5sQBQJszsABJp-- (2.1.6)

When ¢ and s are small, this equals
1
eMtASB) — T4 1i(tA, sB) + §M2(tA, sB)+ -

Comparing both expressions, we see that up to first order, u(tA,sB) =
tA+ sB. But with this definition of y, the second order is not correct, because:

1 1 1 1
I+ u(tA, sB) + 5M?(tA, sB)=I+tA+sB+ 5t“‘A? + 5zfs(AB + BA) + 53232
Then, we modify the expression of u(tA, sB) to
1 1 1
w(tA,sB) =tA+ sB + §tsAB - itsBA =tA+sB+ §ts[A, B]

And, following the same procedure, we can obtain an expression for u(tA, sB).
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Proposition 2.1.38. Let G be a Lie group and g its Lie algebra. Then,
exp(tX) -exp(tY) = exp(t(X +Y) + %[X, Y]+ o(t3)) for t sufficiently small.*

To prove the proposition we need the following lemma.

Lemma 2.1.39. Let G be a Lie group and f : G — R a differentiable map.
Then:

& Hgesp(tX)) = X f(g exp(tX))

Proof. L f(gexp(tX)) = & f(Repiix)(9) = L (9) = X f(gexp(tX)) O

Proof of the Proposition. Apply the lemma at g = e and ¢t = 0 to obtain

@ exp(tX)) im0 = X f(e)

dt
and ,
et limo = X2F(0)
Then: )
flexp(tX)) = f(e) +tX f(e) + 5t2)(2f(e) + o(t?) (2.1.7)

Now, consider

u: R?2 — R
(s,t) = f(exp(tX) - exp(sY))

And do the Taylor expansion of u(t,t) around ¢t = 0:
Ou ou
u(t,t) = u(0,0) +1 (88(5775)|(0,0) + &t(s’t)|(0’°)) + (2.1.8)

0%y 0%y 9%u
+ 2152 (8 5 (8,1 0,0) + 255 (5,8)](0,0) + W(s,t)hom) +o(t?) =
(2.1.9)

= fle)+t(Xf(e)+Yf(e)) + g (X2f(e) +Y?f(e) +2XY f(e))

(2.1.10)
IThe terms up to order 5 of the B-C- H formula are:
pXY) = X + ¥V + X Y] + 55 (X, XY+ VIV XD — 2V, (X (X, Y]]~
7%0 (v, [v, [Y, [Y; X)) + [X, [X [X, 12X, YD) + 550 (X, 1Y, [Y Y, X1+ I X [XG X YTTTD +

120 (Y5 [X Y [X YN + (X Y5 [X Y, XTI + -+
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Since exp is a local diffeomorphism for small ¢, exp(tX) exp(tY) = exp(y(t)),
where 7 : (—e,e) — U C g with v(0) = 0. Let us chose a general () satisfying
it:
t2
(1) = At+ 5B + oty A Beg
Then:

Fexp(r (1)) = Flexp(tA-+ =B +o(t%) = (21.11)

= fle) +t(Xf(e) + Y f(e)) + g(XQf +Y2f 4+ 2XY f) + o(t?)
(2.1.12)
On the other hand:

Flexp(r (1)) = Flexpltd + =B +o(t%) = (2.1.13)
= f(e) + tAf(e) + géf(e) + gﬁzf(e) + o(t%) (2.1.14)
Equaling the terms at first order, we obtain
Xfle)+Yf(e)=Af(e) = A=X+Y
Equaling the terms at second order, we obtain
5 (X25(0) + V2 (e) 42XV () = 5 (Bf(e) + B2f(e) = B=[X,Y]
O

Remark 2.1.40. If G =2 H, then g = . However, g = h does not imply that
G = H. But from B-C-H we see that locally around 0 it is true.

Proposition 2.1.41. Let G be a Lie group and o : R — G a continuous
homomorphism. Then, « is smooth.

Proof. We just need to prove that « is smooth around 0. Take a small neigh-
bourhood B,.(0) C g such that exp : B, (0) — exp(Ba,(0)) C G is a diffeomor-
phism. Consider 8 := exp loa : (—¢,¢) — B,(0), where € > 0 is such that
a((—e,¢e)) C exp(B,-(0)). This ¢ exists because « is continuous.

Now, take ¢ such that [¢| < 2¢. Then:

exp(B(2t)) = a(2t) = a(t +1) = a(t) - a(t) = exp(B(1)) - exp(B(t)) = exp(25(1)),

implying that 8(2t) = 23(t). Then, 18(t) = B(%) and, by induction, 5 3(t) =
B(5) for any n € N.
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Now:

o(57) = (+(F) = (2 (3(F))) = ew (8 (7)) = e (55).

Take the set A = {32 | m,n € N}, which is dense in R. Since a (35) =

2"1
exp (223 (¢)), we can take the ¢ € R such that || < 2 and construct a succession
S} — t. By continuity of a, (%) = exp (éﬂ (E)), S0 « is smooth. O

Proposition 2.1.42. Let f : G — H be a continuous homomorphism between
Lie groups. Then, f is smooth.

Proof. Assume G has dimension n and take a basis { X1, ..., X, } of g. Consider
the map
& : R — G
(t1, . tn) +— exp(t1Xy)- - exp(tnXy)

whose differential at zero is:

dog : R™ — g
(a1,...,an) — a1 X1+ +a, Xy,

Hence, ¢ it is a diffeomorphism around 0.

Now, consider f o ¢:

foo: R™ — H
(t17 s atn) — f(exp(thl) e exp(tan))

Since f is a diffeomorphism, (fop)(t1,...,tn) = f(exp(t1.X1)) - - f(exp(tnXn)).
By Proposition 2.1.41, f(exp(#;X;)) is smooth for any 4, so f o ¢ is C.

Finally, f = (f o ¢) o ¢~ 1, so f is smooth. O

2.1.4 Lie subgroups

A Lie subgroup of a Lie group G is a subgroup of G endowed with a topology
and a group structure making it a Lie group and an immersed submanifold.

Definition 2.1.43.

Proposition 2.1.44. Let G be a Lie group and H a subgroup of G that is also
an embedded submanifold. Then, H is a Lie subgroup of G.
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Proof. To prove the proposition, we want to equip G with a Lie group struc-
ture. We know that the group operation m : G x G — G is C*°. Then,
the restriction m|y : H x H — H C G is also smooth. Since H is embed-
ded, m : Hx H — H C G is C*. To conclude that H is a Lie group, we
still have to check that H is closed. Take a sequence {h;};c; C H such that
lim; .o h; = g € G. Since H is embedded, take a slice chart U which contains
e and a smaller neighbourhood W C U of e such that W C U and such that
e (g1,92) — g7 g2 : Gx G — G. By continuity, there exists a neighbourhood
V of e such that such that g : V x V. — W, so if lim; . g - h; = e, then
{g-hi}Yier CV because h; ' - h; = (g7 h;) ™' - (g7 hy) € W.
———— ——

ev ev

Now, fix i and then lim; o h; ' - h; = h;' - g € U (because W C U). Since
U N H is a slice, it is closed. Therefore, h;l g e UCH — g€ H—=
H is closed. O

Theorem 2.1.45 (Closed Subgroup Theorem). Let G be a Lie group. Take
H C G a closed subgroup. Then, H is an embedded Lie group.

Proof. We need to show that H is embedded. For this, we construct slice charts.
The obvious candidate to be the Lie algebra associated to H is h = {X € g |
exp (tX) e HYt € R} C g.

b is a vector space because:

1. X eh=tX e hVt €R, it is clear from the definition

2. X,)Y € h = X+Y € b, because for any X, Y € h,expt(X +Y) =
5

t t t t
exp(tX +tY). For n big, exp(—=X) -exp(=Y) = exp(—(X +Y) + O(—=)).
n n n n
cH cH €eH

Then, exp(1(X +Y) + O( £ N =exp(t(X+Y)+ O(%)) € H. so taking

n2

n — oo we obtain that exp(t(X +Y')) € H because H is closed.

To show that H is embedded, we want to find neighbourhoods U C G of e
and V' C b of 0 such that exp |y is a diffeomorphism and expV = U N H. Let
us fix an inner product on g. We have g = h @ b+, so we can define

v: hobht — G
(X,Y) +— exp(X)-exp(Y)

which is a diffeomorphism around 0. This gives us neighbourhoods V' C §
of 0, V. hof 0 and U C G of e such that Vg € U3X € VandY €
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V' such that g = ¥(X,Y) = exp X - expY. We want to check that g € U N H
and that Y = 0.

We first see claim there exists an € > 0 such that VY € b+, 0 < [|[Y]| < e =
expY ¢ H.

Indeed, assume that there exists a succession {Y; };e;r C h* such that lim; . [|Vi|| =
0 and exp(Y;) € H and we will arrive to a contradiction.

For every i € I, define Z; := ”}{—”, so || Z;]| = 1. The set {Z;};er belongs

to the unit sphere, a compact, so lim; ., Z; = Z with ||Z]] = 1. Consider
t € RY, take t- Z; = m -Y; = (k; +&;)Y;, where k; € N and ¢; € [0,1).
Since lim; .o, tZ; = tZ, and lim;_,, €;Y; = 0 because lim;_., ||Y;|| = 0 and ¢;

is bounded, we have that lim; .. k;Y; = tZ.

€H
—

By continuity of exp, we have that lim;_, eXp(Yi)k?‘ = lim; o0 exp(k;Y;) =
exp(tZ), and then exp(tZ) € H because H is closed, and hence, Z € §. But
Z € bt, which implies that Z € h N ht = {0}, which is a contradiction with
1Z]| = 1.

Now, in the expression ¢ : V. x V' C h@ bt — U C G, take V' N{Y €
b1 | |Y|| < e for € as in the claim}. This means that for g € UNH, g =
expX -expY = Y = 0, which implies that g € exp(V). This proves that
UNH=expV. O

Remark 2.1.46. A consequence of the Closed Subgroup Theorem is that matrix
Lie groups are embedded Lie subgroups of GL(n,C).

Proposition 2.1.47. Let G be a Lie group and g its Lie algebra. Take H a Lie
subgroup of G. Then, the Lie algebra b of H is a subalgebra of g.

Proof. Take the inclusion map ¢ : H — G, which is a Lie group morphism.
The differential di. : h — b is a Lie algebra homomorphism. O

Theorem 2.1.48. Let G be a Lie group and g its Lie algebra. Let by be a Lie
subalgebra of g. Then, there exists a unique connected Lie subgroup H of G such
that its Lie algebra is b.

Proof. The idea is to consider a distribution D = (X1, ..., X), where {X1,..., X}
is a basis of h and X; are the corresponding left-invariant vector fields. Inte-
grating the distribution will give the manifold (the Lie group). O
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2.1.5 Integration of differential distributions

Lemma 2.1.49. Let X,Y € X(M). Then, [X,Y] =0 < XY -YX =
0 < ¢Xo0¢) = ¢ o¢X, where ¢Z is the flow of the vector field Z at time

s 7

r.

Proposition 2.1.50. Let X,Y be two vector fields on a manifold M such that
[X,Y] = 0. Then, there exists a smooth map F : (—e,e) x (—e,&) — M such
that:

Proof. Take F' = ¢X o ¢} (p), which satisfies ¢=X o ¢} = ¢} o ¢X by previous
Lemma 2.1.49 and, then:

Definition 2.1.51. The map F = ¢X o ¢} is called integral surface.

Definition 2.1.52. A differential distribution D of rank k is the object that
satisfies the following properties:

e For every p € M, D, <T,M, ie. D, is a subspace of dimension k.

e Forevery p € M, there exists a neighbourhood U C M of pand X3,..., X} €
X(U) such that if ¢ € U, then (X1(q),---, Xi(q)) = D,.

Example 2.1.53. In M = R", D = <8%17 cee a%k> with k£ < n is a distribution
of rank k and, in fact, is R* at every point.

Ezample 2.1.54. In M = R*, D = <%7 6% + x%> is a distribution of rank 2

and, in fact, it is a plane at every point.

Remark 2.1.55. A distribution of rank 1 is a vector field.

Definition 2.1.56. Let D be a differential distribution of rank k& on a manifold
M. Then, D is integrable if there exists a k-dimensional embedded submanifold
S C M such that for all p € S, T,,S = D,,.
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In Example 2.1.53, the distribution is integrable, while in Example 2.1.54,
it is not integrable.

Definition 2.1.57. A distribution D on a manifold M is involutive if VX,Y
vector fields locally defined on an open neighbourhood U, and for every p € U,
[X,Y], € D,.

Theorem 2.1.58 (Frobenius Theorem). A distribution D is integrable if and
only if it is involutive.

Proof. From left to right: Let S be an integrable submanifold. Suppose X,Y
are two vector fields locally defining the distribution. Then, X, Y € X(S5) (lo-
cally). Therefore, [X,Y] € D (locally), so D is involutive.

From right to left: It is clear that we can integrate the distribution if the vec-
tor fields X1,..., Xy locally defining D satisfy [X;, X;] = 0 for all 4, j. Indeed,
we can integrate them to F : (t1,...,t;) — qbfil o0---0 ¢i"‘ : (—e,6)F — M.
Since [X;, X;] = 0, by Lemma 2.1.49 we know that (;Sf( o ¢f§j commute. So, we
want to find some Y7, ...,Y} locally defining D and such that [Y;,Y;] = 0 for all
i,7.

Let p € M and U C M a neighbourhood of p. Take Xi,---, X} defining
D. At p, Xi(p) = 32 for all = 1,...,k. In U, consider B = (52-,..., 5&).
We have that D, h B, (they are transversal) for any ¢ € U (maybe shrinking
U) because transversality is an open condition. Now, we will prove that we can

find an Y7,...,Y}, such that Y; = % + 272k+1 aila%l and [Y;,Y;] = 0.

Write, for alli =1,...,k, X; as X; Z?Zl cila%l (we can always write it this
way). The matrix (c¢;) is invertible in U. Take Y; = > )", dlia%, + %, where
(dir) is the inverse of (¢;;). Let us check now that [Y;,Y;] = 0.

Y2, Y] —[;dliafxl-l‘aixi?;dsj%—i-%j] = (2.1.15)
o 9 9 0
*[axi’@]+[;dli%’@“ (2.1.16)
= €B
0 < 0 - o < b
+ [%,;dsja]ﬂgdha—m,;d”a—%] (2.1.17)
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Then, [Y;,Y;] € BN D, which implies that [Y;,Y;] = 0. O

Definition 2.1.59. A leaf of an integrable distribution is a maximal integrable
submanifold.

Remark 2.1.60. In the definition of a leaf A of an integrable distribution, mazi-
mal means that, if there exists an integrable submanifold S such that AN.S # 0,
then S C A.

Remark 2.1.61. The leaf A, at a point p in a manifold with an integrable dis-
tribution can be defined as

A, = {q € M | you can reach ¢ from p following paths in the integrable submanifold}.

Proof of Theorem 2.1.48. Suppose G is a Lie group with Lie algebra g and h <
g. Take D = {)71,,)/(; | X1,..., Xk € b}. Then, D is involutive because
b is a subalgebra. Therefore, we can integrate. Take H = A, (the leaf of the
identity element) and check that H is indeed a Lie group. Let hy,hes € H = A,.
Then, hy - hy = Ly, (he) € Ly, (Ae) = Ay, = Ao = H. And h™! = hil-e €
thq(Ae) =A,, =A.=H. O
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Chapter 3
Lie Group Actions

This chapter follows [Aud91] and [Bry95].

3.1 Definition of Lie Group Action

Definition 3.1.1. Let M be a smooth manifold and G a Lie group. A Lie
group action is a smooth mapping « : G X M — M such that:

1. The induced mapping ay : m — «a(g,m) : M — M is a diffeomorphism
for every g € G.

2. For every g1,92 € G,m € M, a(gy - g2, m) = a(g1, alga, m)).

Ezample 3.1.2. Let G be a Lie group. G acts on itself by left-translations:

a: GxG — G
(91,92) +—— Lg1(92) =491 92

Indeed, ay = L, is a diffeomorphism, with inverse L -1, and satisfies L., (k) =
(9-h)-k=g-(h-k)=Lgy(h-k) for any g,h, k € G.
Ezample 3.1.3. Let G be a Lie group. Right multiplication by an element of G
(Rg : h — hg) is an action.

Ezample 3.1.4. From the combination of the previous two examples and the
fact that the inverse of g € G is in G, we have that conjugation (Lg o L,-1) is
an action.

Ezample 3.1.5. Suppose M is a compact manifold and X € X(M) (or, simply,
suppose X is complete and, hence, its flow is defined for all ¢). The flow of X

53
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defines an R-action:
a: RxM — M

(t,p) — i (p)

Where ;¥ is the flow of X, i.e., the solution of %2t = X (¢;). Indeed, ¢;¥ is
a diffeomorphism and @2, ,(p) = ¢ o ¢ (p).

Ezample 3.1.6. Take G = GL(n,R) and M = R™. Then, GL(n,R) acts on R"
by the usual matrix multiplication:

a: GL(n,R)xR* — R"
(A, z) — A-z

It is a group action because a(A4,a(B,x)) = A(Bz) = (AB)xr = a(AB,x)
and oz;‘l = g-1.
Example 3.1.7. Take G = O(n,R) and M = S" 1 = {z e R" | ||z]| = 1} C R™.
Then, O(n,R) acts on S"~! by the usual matrix multiplication.

a: On,R)xS~t — gn-t
(A, 1) — AU

It is a Lie group action because, as in the previous example, matrix multi-
plication satisfies the action conditions.

Ezercise 3.1.8. Take G = S! and M = S2?. Prove that S! acts on S? (by
rotations).

Ezercise 3.1.9. Take G = S' = {t € C | ||t| = 1} and M = S = {(21,22) €
C? | [|21]]2 + [|22]]* = 1} € R Prove that a : (¢, (21, 22)) — (t™1 21, t™229)
defines an action for any my,my € Z.

Exercise 3.1.10. Take G = S! =2 SO(2,R) and M = RP!. Prove that the
following mapping is an action:

(& b= i)

The affine form of this map, (a Z) , <$> — Z:jisz, is known as the Mobius
C Yy :

transformation.

Definition 3.1.11. Let a : G x M — M be a Lie group action. For each
m € M, the orbit of m is the set

Om)=G-m={g-m|geG}CM
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Definition 3.1.12. An action « : G x M — M is transitive if there is only
one orbit in the manifold. In other words, if Vz,y € M, dg € G such that

y=alg,z) =g
Definition 3.1.13. Let p : G x M — M be a Lie group action. For each
m € M, the stabilizer or isotropy group at m is the set of elements of G that
fix m, i.e.:

Gn={9geG|lg-m=m}CG

Lemma 3.1.14. For every m € M, the stabilizer G, is a subgroup of G (in
fact, a closed subgroup).

Proof. Let us see first that G, is a subgroup of G. Take m € M.

1. For g1,01 € G, (91-92) m=g1-(g2-m) =g1-m=m = g1-g2 € Gpy.

2.e-m=m=—¢€ Gy,

Log)m)=m=g7' €G,.

3. Forge G, gt - m=gt-(¢g-m)=(g
Consider now the continuous map o, : G — M defined by a,,(g) := a(g, m).
Then, a,,—1(9) = G = G, is closed. O

Proposition 3.1.15. The isotropy groups of points on the same orbit are con-
jugated. In other words, if v,y € M, g € G and y = g - x, then G, = gG,g~".

Definition 3.1.16. If G,,, = {e}Vm € M, i.e., all the isotropy groups are trivial,
the action is called free. It is called locally free if all the G,,’s are discrete.

Definition 3.1.17. An action is effective if (), Gm = {e}.

The manifold M can be partitioned in orbits because, for every m € M, the
evaluation map ev,, : g — g-m induces a bijection between the quotient G/Gp,
and the orbit G - m. The quotient set M/G is precisely the set of orbits in
which M decomposes. We state some topological results that will be necessary
to prove that the quotient is a manifold.

Lemma 3.1.18. Suppose M is a locally compact Hausdorff space, equipped
with a continuous right action of a topological group H. Then the following
statements are equivalent:

e The orbit space M/H is Hausdorff.

e For any compact subset C C M, the set CH is closed.
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Proof. Suppose that the orbit space M/ 77 is Hausdorff. Take C'C M compact.

Then, the class of C in ]V[/H7 i.e. w(C) is compact. Since M/H is Hausdorff
7(C) is closed. As CH = 7~ 1x(C), CH is closed.

Now, suppose that for any compact subset C' C M, the set CH is closed.
Since {m} is compact, the orbit mH is closed. Assume z1,25 € X = M/H are
distinct points. Choose m; € m~!(z;). Then, z; = m;H, with mi HNmoH = 0.
The complementary set V' of moH in M is open, right H-invariant and contains
mi1H. Choose an open neighborhood U; of mq in M such that U, is compact
and contained in V. Then, the set U1 H is closed and still contained in V. Its
complementary set V5 is open and contains moH. Then, 7(V3) is open in X
and contains .

On the other hand, V; = Uy H is the union of the open sets Ujh, so it is
open in M. V; contains m;. so that m(V7) is an open neighborhood of z; in
X. The sets V7 and V5 are right H-invariant and disjoint. It follows that the
sets V7 and V5 are disjoint open subsets of X containing the points x; and xs,
respectively, implying that the orbit space M/ 77 is Hausdorft. O

Definition 3.1.19. Assume that M is a smooth manifold and that a Lie group
H is right-acting on the manifold M x H, with an action given by (z,g) - h =
(x,gh). We will say that such an action is of trivial principal fiber bundle type.
We call that it is of principal fiber bundle (PFB) if the following two conditions
are fulfilled:

e Every point m of M has an open H-invariant neighborhood U such that
the right H-action on U is of trivial PFB type.

e Whenever C is a compact subset of M, then C'H is closed.

Remark 3.1.20. Lemma 3.1.18 shows that the second condition in the definition
is equivalent to saying that the quotient space M/ 77 is Hausdorft.

We want now to prove a theorem that shows that, under certain conditions
(certain smooth actions), the quotient space admits a unique natural structure
of smooth manifold. It will be necessary to prove 3.1.24 afterwards.

Theorem 3.1.21. Let H be a right action on M be of Principal Fiber Bun-
dle type. Then M/H carries a unique structure of C*-manifold (compatible
with the topology) such that the canonical projection m : M — M/H is a

smooth submersion. If m € M, the tangent map Tym : Ty M — Ty (M/H)
has kernel T,,(mH), the tangent space of the orbit mH at m. Accordingly,
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it induces a linear isomorphism from TmM/Tm(mH) onto Tﬂ(m)(M/H). Fi-

nally, ™™ : f —— f om restricts to a bijective linear map from C‘X’(M/H) onto
Cx(M)H .

Remark 3.1.22. The dimension of M/H equals dim M — dim H.

Proof. For the proof, see Section 12 in https://www.staff.science.uu.nl/
~ban00101/11e2012/1ie2010.pdf. ]

Definition 3.1.23. For each x € M, the orbit map is defined as

fo: G — M
g =—> gz

and is a smooth map. Its differential at e € G isamap d(f)e : T.G =g — T, M

Theorem 3.1.24. The orbit map f, : G — M considered at the quotient
space G /Gy, i.e., fr: G/Gy— M is an injective immersion.

Proof. Since G is a closed subgroup, by Theorem 2.1.45, it is a Lie subgroup,
so G/G it is a smooth manifold. Now:

1. First, we see that f, is injective: [g1] = [g2] for any g1, g2 € G if and only
if g1 = a- g for some a € G,.. Let g1,92 € G/G, such that g1 -z = g2 - x.
Then, x = gfl - g2 - T, SO gfl - g2 € G and, then, [g1] = [ga]. Therefore,
fu is injective.

2. Then, we see that f, is an immersion. We simply have to check that
the differential d(f.), : T,(G) — T,..(G - ) is injective and we can
do it evaluating its kernel. By invariance (because we can always post-
compose with d(l,-1), which is an isomorphism), it is only necessary to
study the case g = e. Then, we look at the kernel of d(f,).. This kernel
is {X € g| X, =0} and it is exactly the Lie algebra g, of G,.

O

Corollary 3.1.25. Let G be a compact Lie group. Then, the orbits of any
G-action are smooth submanifolds.

Proof. A proper injective immersion is an embedding and we already proved
that f, : G/G, — M is an injective immersion. By compactness of G, we
have that the map is proper, and G/G, = G - x. O
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Example 3.1.26. Take G = S* and M = S? and consider the action « in Exercise
3.1.8. The diffeomorphism ag can be interpreted as the planar rotation of S? of
angle 6 around the z-axis (in cylindrical coordinates (r, 6, z)). Then, it is clear
that M /G, the set of orbits, is the interval [—1,1].

Ezxample 3.1.27. Like in Example 3.1.5, the action of R on M given by the flows
of X induces a natural partition of M into orbits of the form ~, = {(¢(x)) |
t € R}. This is the motivation of the definition of orbit in Dynamical Systems.



Chapter 4

Introduction to Symplectic
and Poisson Geometry

This chapter follows [Aud91], [Can01], [DZ05] and [LPV13]. The examples in
the Poisson Geometry Section are obtained from [Mirl4].

4.1 Symplectic Geometry

We start this section by revising the Lie algebra of symplectic manifolds, which
is that of tangent spaces.

4.1.1 Symplectic Linear Algebra

Definition 4.1.1. Let V be a vector space. Let w : U x U — R be a skew-
symmetric bilinear 2-form, i.e. w € /\2 U*. The form w is non-degenerate if

w,u) =0 Vu e U = v =0.

Example 4.1.2. Take U = R? with the standard coordinates (z,y). The form
w = dzx A dy is non-degenerate.

Example 4.1.3. Take V = F + F*. The form w that acts by:

w((z, ), (7', 9)) = p(z') = ¢'(z)

is skew-symmetric and non-degenerate.
If we consider the basis e;; = (ei,e;) for V, with e; € F and €] € F*, we can

99
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compute:

w(eij, ert) = €j(er) — e (ei) = (4.1.1)
lifj=kandl#1i
Oifj=kandl =1
S (4.1.2)
—lifj#kandl =1
Oif j#£kandl#4

*

Then, w(eij, ejr) = €]

(ej) =1 # 0, implying that the form w is non-degenerate.
Example 4.1.4. Consider C" with the standard Hermitian form w that acts the
following way. Identify C" with R?" and consider elements (X,Y’) in C" = R?",
Then, w(X,Y) = $(X,Y) = IX'Y. This form is:
e Skew-symmetric, because S(X,Y) = -3(X,Y) = -, X)
e Non-degenerate, because if I(X,Y) = 0 VY, then 3(X,iY) =0 Vi =
— (X,Y) = 0VY h=0.

Remark 4.1.5. In practice, the condition of non-degeneracy can be translated
into the following analytical condition. Take the matrix of the 2-form w in some
coordinates (z1,...,%n,Y1,.--,Yn) i such a way that w = > w;; - dz; A dy,.
Then, w is non-degenerate if and only if det(w;;) # 0.
Remark 4.1.6. The condition of non-degeneracy of w is also equivalent to con-
dition for the map

#: TM — T*M

X +— ixw

of being an isomorphism.

Remark 4.1.7. Another equivalent condition of the non-degeneracy of w is the
following:

w € Q*(M?™) is non-degenerate <= w"™ =w A --- Aw is a volume form.

Proposition 4.1.8. Let M?" be a compact manifold without boundary. A 2-
form w on M can not be exact and non-degenerate at the same time.

Proof. Let us assume that w is exact and we will arrive to contradiction. Sup-
pose w = df for some 3 € Q' (M). Then:

d(BAW"™H) =dBAW T+ (=D BAdWTTY) =w AW = BAd(dB) T = W
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Now, since w is non-degenerate, it is a volume form and, then 0 < fM w”. But,
on the other hand

/ w":/ d(BAwW") = BAW=0
M M oM

where we applied Stokes Theorem and that OM = . O

4.1.2 Symplectic Manifolds

Definition 4.1.9. Given an even dimensional manifold M?", we say a smooth
2-form w is a symplectic form if w is closed (dw = 0) and non-degenerate (Vo €
QY (M), 31X € X(M) that solves txw = a).

Ezxample 4.1.10. If A is the Liouville 1-form on 7* M, then w = d\ is symplectic.

The non-degenerate forms in Examples 4.1.2, 4.1.3 and 4.1.4 are symplectic
forms.

Remark 4.1.11. By Remark 4.1.7, if w is a symplectic form on a manifold M,
then it is a volume form and, hence, M is orientable. Nevertheless, not all
orientable manifolds admit a symplectic form. For instance, S* is an orientable
manifold that does not admit any symplectic form. Assume w is symplectic, so
that dw = 0 and w € Q?(5?) = [w] € H?(S?), [w] # [0]. But H3(S*) =0 =

[w] = [0], so we arrive to contradiction.

Definition 4.1.12. A symplectic manifold is a pair (M,w) such that M is a
differential manifold and w is a closed non-degenerate 2-form on M.

Ezxample 4.1.13. Any orientable surface is a symplectic manifold.

Proposition 4.1.14. If M?" is a compact smooth manifold and admits a sym-
plectic structure, then H*(M) # 0.

Proof. Recall that 3, (M) = Ker(d: PN = SO L o ooy
Suppose that M is compact and admits a symplectic structure w, which satis-
fies dw = 0. But, as we proved in Proposition 4.1.8, a 2-form can not be exact
if it is non-degenerate at the same time, so the class of w within the quotient
HEL L (M), ie., [w] =0 can not be equal to 0. O

Corollary 4.1.15. S?" does not admit a symplectic structure if n > 1.

Theorem 4.1.16. Let (M?",w) be a symplectic manifold. Then, for all p €
M, there exists a local coordinate system (T1,Y1,...,%Tn,Yn) Such that w =
Yoi i dz; Ady; in a neighbourhood U of p.



62CHAPTER 4. INTRODUCTION TO SYMPLECTIC AND POISSON GEOMETRY

Proof. We use the exponential map. Let p be a point in M and

exp,: UCT,M — VCM
o )

is a local diffeomorphism. Locally, (M,w) is symplectic, so T, M is sym-
plectic with symplectic form w; = exp* w. We express w; in a symplectic base
{e1,...,en, f1,..., fn} and we get Wy, which satisfies:

o Wolei, f) = 0ij
L] @O(ei,ej) =0
o Wo(fi, f;)=0

—In
0
Now, we define wg := (exp~1)*@y and we apply the Moser’s trick. We define

the path

In this symplectic base, if J is the matrix (I(; ) , then Wy (u,v) = ul-J-v.

wp = (1 = t)wo + tw; (4.1.3)

which is a path of closed forms, since dw; = (1 — t)dwy + tdw; = 0 be-
cause dwy = dwi; = 0. The forms w; are locally non-degenerated, because
det(w;;(p)) # 0 and, since det is a continuous map, there exists a neighbour-
hood U of p such that det(w;;(g)) # 0 for any g € U.

By Poincaré Lemma, wg — w1 = df (because w; and wyp are closed and d is
linear). So wp—w; is closed and, then, locally exact. Then, there exists a vector
field X; such that tx,w: = —3. Let ¢; be the flow of X; and let us prove that

(pr)*we = wo = (1) wi:

d d
o (Pren) =@y (dtwt + Ex,,wt) = (4.1.4)
= ¢y (~wo +wi + dix,we + Lx, dwy) = (4.1.5)
= ¢} (dB +d(—=B) +0) = (4.1.6)
=¢;(0)=0 (4.1.7)
Then, ¢jw; is constant and, since ¢iwy = 0, we have that (¢;)*w; = wp. O

Theorem 4.1.17. Let S be an orientable compact surface and wy,w; two sym-
plectic forms on S. Then, the pair (S,wp) is equivalent to the pair (S,w1) (i.e.,
it exists a diffeomorphism ¢ : S — S s.t. *w1 = wp) if and only if [wo] = [wi],
where [ | denotes the equivalence class in H%g(S).
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Proof. Let wy,w be two symplectic forms such that [wg] = [w1]. Then, w—wy =
dp for some 8 € Q'(S). Now, consider the path of forms w; = (1 — t)wp + tws,
which satisfies dw; = 0. Since S is of dimension 2 and wg,w; are 2-forms, w; =
f-wo for some smooth function f. Then, w; = (1—t)wo+tfwo = (1—t(1—f))wo.
If f > 0, by convexity w; > 0. Let ¢, be the flow of X; and follow as in the proof
of Theorem 4.1.16 considering now that ¢, is defined for every ¢ by compactness
of S. O

Definition 4.1.18. Let H € C* be a smooth function on a symplectic man-
ifold (M,w) (in Physics, a Hamiltonian, the function of total energy). The
Hamiltonian vector field X is defined as the only solution of tx,w = —dH.

Example 4.1.19. Take (R?",w = >_ dx; A dy;). Let us write the flow of Xz

- 0 - )
Xy = X5 XY 4.1.8
So, on the one hand:
txpw =w(Xm,-) :ZXﬁdyi—&—Z—X}/}dxi (4.1.9)
i=1 i=1
And, on the other hand:
"\ 0H "\ 0H
—dH = ——dux; ——dy; 4.1.10
; oz, L +iz:; By; Yi ( )

This leads to the Hamiltonian equations:

{Xifdyi =I; = —%,Zdyi

4.1.11

Definition 4.1.20. A diffeomorphism ¢ : (M7,w;) — (Ms,ws) between sym-
plectic manifolds is called a symplectomorphism if p*wy = w1.

Lemma 4.1.21. Symplectomorphisms are volume preserving.

Proof. Let ¢ : (M?",w;) — (M3",ws) be a symplectomorphism between sym-
plectic manifolds. Then, w}" € Q2n(M;),wy € Q2n(Ms) are volume forms, i.e.,
they are not zero. Hence:

Vol(M,) = / W = / (" wa)" = / o (wh) = / Wl = Vol(My)
My My =1 (M2) Moy
(4.1.12)
O
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Remark 4.1.22. Let (¥2,w1), (X3, w2) be two symplectic compact surfaces, equipped
with area forms. Then, there exists a symplectomorphism ¢ : ¥; — X, if and
only if:

2. fgl w1 = sz wa.

Definition 4.1.23. The Poisson Bracket associated to a symplectic manifold
(M,w) is defined by
{3 =) xC>(M) — (M)
(f,9) — w(Xy, Xy)

Proposition 4.1.24. The Poisson Bracket satisfies:

1. {f,q} = —{g, f} (anti-symmetry)
2. {fi{g,h}} +{g.{h, f}} + {h,{f, 9}} = 0 (Jacobi identity)
3. {f.gh} = h{f. g} + g{f h} (Leibniz rule)

Proof. 1. {f,g} = w(X5,Xy) = —w(Xy,X¢) = —{g, f}, by anti-symmetry
of w

2. Recall that if w € QF(M), then dw € Q¥T1(M) and:

k
dw(Xo, ..., Xp) = Z(—l)iXiw(Xo, X, X, X))+ (4.1.13)
=0

+ Z(_l)l-"_]w([XjoLXOy e 7Xi717—X’£+17 e 7Xj717 Xj+17 e 7Xk)

i<j

Hence:

dw(Xy, Xg, Xn) = ( )
=Xjw(Xg, Xn) = Xqw(Xy, Xp) + Xpw(Xy, Xg)— ( )
—w([Xy, Xgl, Xn) + w([Xy, Xn], Xg) — w([Xg, Xa], Xp) = ( )
={f {9, h}} = {9, {fs h}} +{hAf 9}~ (4.1.18)
—{fighn} +{{f.h}, 9} — {{g. b}, f} = ( )
=2({f,{g,n}} + {9, {n, f}} +{h.{f,9}}) ( )

Since dw =0, {f,{g,h}} + {9, {h, f}} + {1, {f.9}} =0
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3. Xy(9) = dg(Xy) = —1x,w(Xg) = w(Xy, Xg) = {f, g}. Hence,

{f,gh} = X;(gh) = d(gh)(Xy) = (9dh + hdg)(Xy) = g{f, h} +h{f, g}

O
Lemma 4.1.25. X; 3 = [X, X(]
Proof. We use ([ xy] = Lxty — tyLx to compute:
Uxp X W = Lx,ix,w —tx,Lx,w = (4.1.21)

=doutx,oLx,w+ttx;0doix,w—tx, 0doix,w—tx, otx, o dw =
——— -

20— —d2 f= =0
=—d2g=0 =—d2f=0

(4.1.22)
=douix; oix,w=dw(Xg, X5) = —dw(Xy, Xy) = —d{f,g} (4.1.23)
O

Remark 4.1.26. We take the following two conventions:
1. w(Xy,)=—dH

2. uxB(Y1,.. Y1) = B(X, Y0, ., Ye)

Corollary 4.1.27. ® : f — X; : (C®(M),{-,-}) — (X(M),[-,"]) is a Lie
algebra morphism.

Theorem 4.1.28. Let H € C* be a Hamiltonian and Xpg the corresponding
Hamiltonian vector field. Then, Xg(H) =0

Proof. Consider the Poisson bracket {-, -} defined by

{f,9} =w(Xy, Xy) = —w(Xy, X5) = —{g, f} = Xs(9) (4.1.24)

where X is defined by ¢x,w = —df and analogously for X,. Then, by skew-
symmetry of {-,-}, Xg(H) = 0. O

Definition 4.1.29. Let (M,w) be a symplectic manifold. A vector field X €
X(M) is called symplectic if it preserves w, i.e., if Lxw =0, or dixw = 0.

Remark 4.1.30. We will denote by X5V™P(M) = {X € X(M) | dixw = 0} the set
of symplectic vector fields on M and by X" (M) = {X € X(M) | ixw = —dfB}
the set of symplectic vector fields on M.

Lemma 4.1.31. XHem()M) c x5 (M).
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Proof. Take X € XHam (A7), Then:

EXfw:dLXfw—i—Ldew:d(—df)—i—O:—d2f:O (4.1.25)

Lemma 4.1.32. Hl(M) = %Symp(M)/xHam(M)

Example 4.1.33. Take (R®*",w = dx Ady). X = 8%1 is Hamiltonian because
txw = dyi. Hence, it is symplectic.

Ezample 4.1.34. Take (S?,w = dh A df). X = % is Hamiltonian because
txw = —dh. Hence, it is symplectic.

Example 4.1.35. Take (R?",w = df NO3). X = 8%1 is not Hamiltonian because

txw = df and 05 is not a global function. It is symplectic.

Lemma 4.1.36. Let f,H € C>°(M). Then,

{f,H} =0 < f is constant along the flow of Xp (4.1.26)

Proof. {f,H}Z—XH(f>:_%(f°7)(t)|t:0:O =

Definition 4.1.37. Suppose f,H € C®(M) satisfy {f,H} = 0. Then, f is
called an integral of motion of H.

Definition 4.1.38. Let (M?",w) be a symplectic manifold. A Hamiltonian sys-
tem (M,w, H € C>°(M)) is called completely integrable if 3f1,..., f, € C°(M)
such that:

L {fi,f;i}=0forali,j=1,....n

2. dfi N+ ANdfy, #£0a.e.

Example 4.1.39. Any Hamiltonian system defined on a surface, (X2 ,w, H €
C>°(M)), is completely integrable.

FEzample 4.1.40. The planar pendulum and the spherical pendulum are com-
pletely integrable systems.

Definition 4.1.41. Let G be a Lie group and (M, w) a symplectic manifold. A
group action p : G — Diff (M) is a symplectic action if p : G — Symp(M) C
Diff (M), where Symp(M) is the set of symplectomorphisms on M.
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Ezample 4.1.42. Take (R?",wy) and X = 9/0x;. The flow of X defines a
symplectic action 1 : R — Symp(R?", w;) which is the following:

1/1(15)(%,3/17 s 7xn,yn) = (xl + taylv s 7xnayn) (4127)

Definition 4.1.43. A symplectic action p of S! or R on (M,w) is called a
Hamiltonian action if the field

d

X, = —
dt

pi()
t=0

is Hamiltonian.

4.1.3 Revision of Lie Actions. Definitions

Definition 4.1.44. Let G be a Lie group. The following map:
v: G —  Diff(G)
g — v(g) =1y

where ¢, (h) = ghg™!, the conjugation, is a Lie group action, the conjugation
action.

Definition 4.1.45. The map Ad, = d(¢g)e : § — g induced a map
Ad: G — GL(g)

, the adjoint action.

Definition 4.1.46. The map Ad* : G — GL(g*) is the coadjoint action. It
acts as:
Ady(X)(§) =< X, Ady -1 (§) > (4.1.28)

Definition 4.1.47. A group action p of G on (M,w) is Hamiltonian if Iy :
M — g* such that:

1. For every X € g, {exp(tX) |t € R} C G,

d
X# = SlewX) o),

X
Lxsw = —dprX,

where X (2) =< p(z), X >.
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2. p is equivariant with respect to the coadjoint action and the Lie group
action, i.e.:
Ady o p=popg
for every g € G.

Then, (M,w, G, ) is called a Hamiltonian G-space and p is called moment map.

Ezample 4.1.48. The Hamiltonian formulation of mechanical problems in Physics
is one of the motivations of the development of symplectic geometry. Suppose
H € C>*°(M™) is the Hamiltonian (or energy function) of a system and assume
that H = H(q,p), where (q,p) € T*M, the cotangent bundle of M. In this
setting, ¢ is the positions vector and p is the momenta vector. Then, the system
of ODEs that describe the evolution of positions and momenta is:

p _ _0H

- 0

{__ i (4.1.29)
4= "3,

Consider the 1-form o = Y"1 | p;dg; € Q' (M), called the Liouville I-form. Its
differential is da = Y | dp; A dg; = w € Q?(M) and the Hamilton’s equations
(4.1.29) can be condensed in the expression tx,w = —dH.

4.2 Poisson Geometry

Definition 4.2.1. Let M be a smooth manifold. A C*> smooth Poisson struc-
ture is an R-bilinear operation

{d: =) — C>(M)
(frg) — Af.g}
which satisfies:
1. Anti-symmetry, {f,g} = —{g, f} for any f,g € C>(M)
2. Leibniz rule, {f,g-h} =g -{f,h} +{f,9} - h
3. Jacobi identity, {f,{g,h}} + {g9,{h, f}} +{9,{f,9}} =0

The operation {-,-} is also called Poisson bracket.
Ezxample 4.2.2. Let M be any smooth manifold. Then, the operation
{): Cc=(M) — C*(M)
(fig) — 0

is a Poisson structure because it automatically satisfies all of the required prop-
erties.
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Remark 4.2.3. Example 4.2.2 shows that there are no topological obstructions
on a manifold to admit a Poisson structure, i.e., any manifold can admit a
Poisson structure.

Ezxample 4.2.4. Let (M?",w) be a symplectic manifold. Let Xy be Hamiltonian
vector field of H € C*, i.e., the solution of tx,,w = —dH. Then, the operation
{}: =) —  C®(M)
(frg)  — w(Xy Xg)

is a Poisson structure on M. Since w is 2-form, {f, g} is bilinear. It is also
anti-symmetric by anti-symmetry of w. It satisfies Leibniz rule because

{fv g} = W(Xf’Xg) = LXfw(Xg) = <_df7 Xg> = _Xg(f) = Xf(g)a

so {f,-} is X(g), a derivation. Explicitly:

{f,9-h} =ix,0(g-h) =1x,0(9) - h+g-ux,w(h) ={f g} - h+g-{f h}.
It satisfies Jacobi identity because, since w is closed, dw(Xf, X4, X) = 0, and

0 =dw(Xy, Xy, Xp) =
=Xj(w(Xg, Xn)) = Xg(w(Xy, Xn)) + Xn(w(Xy, Xg))—
—w([ Xy, Xg], Xn) + w([Xy, Xn], Xg) — w([Xg, Xn], Xf) =
={/{g,n}} —{g.{f, h}} +{n.{f, 9}}~-
= {figh,h} +{{f. h}, 9} — {{g. h}. f} =
=2({f{g:h}} +{g. {h. f}} +{h, {f. 9}})

So {f.{g,h}} +{g.{h, [}} +{h.{f,9}} = 0.

Remark 4.2.5. According to Darboux Theorem (4.1.16), on any symplectic man-
ifold M?>" there exist local coordinates (x1,...,%n,¥1,--,%n) such that the
symplectic form writes w = Y. | dz; A dy;. In these coordinates, the Poisson
bracket writes as

4.2.1
4.2.2
4.2.3
4.24
4.2.5

(
(
(
(
(
(4.2.6

)
)
)
)
)
)

. _~~[(0f g Of Og
st _
(ol =2 (8xi i Oy; ;)
This is the formula that originally Siméon Denis Poisson presented in his ar-

ticle Mémoire sur la variation des constantes arbitraires dans les questions de
mécanique in 1809.

Ezxercise 4.2.6. Consider R? with the Poisson structure
of 9g  0f dg

=H =2 LT

{f.g} (z,y) (ax 9y Oy Or

Proof that it is indeed a Poisson structure for any H € C*°(R?).
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Remark 4.2.7. In Exercise 4.2.6, if H(z,y) is a constant function, then the Pois-
son structure is the standard Poisson structure of the symplectic case multiplied
by a constant.

If H(x,y) is regular (the differential does not vanish at any point), then in a
neighbourhood of any point, i.e. locally, H(z,y) can be written as H(z,y) = x
and the Poisson structure looks like

9f9g 0f dg
{fgp=a- (222 SL20)
drdy Oy Ox
In this case, when x # 0 it gives a symplectic structure and when x = 0 it gives
the structure in Example 4.2.2, the zero Poisson structure. This structure is
called b-symplectic structure or log-symplectic structure.

Ezample 4.2.8. Consider (S2,{-,-}), with coordinates h (for the height) and 6
(for the angle) and with the Poisson structure defined as {f,g} = h- {f, g}*".
This structure is symplectic on the North hemisphere (h > 0) and also on the
South hemisphere (h < 0), while all the points in the equator are symplectic
leaves (of dimension 0).

If H(z,y) has singularities, the Poisson structure can locally have many other
forms. For instance, the so-called c-symplectic structure is the one defined by

{f9y=x-y-{f. 9}

4.2.1 Local Coordinates

We assume in this section that we have a local coordinate system (x1, ..., z,) in
a Poisson manifold and we denote by w;; the Poisson bracket of the coordinate
functions x;, x;, i.e. wij = {z;, x;}.

Proposition 4.2.9. The functions w;; have the following properties:
1. wij = —wjs, for any i,j.

2. {wij, ou}t +{wjk, i} + {wki, z;} =0, for any i, 7, k.

Bw,-n ..
ox,J)7 for any i,j, k.

n Ow; Owpq
3. Zl:l (Wliiazjl + wij c')x,,l + Wik

Proposition 4.2.10. Using Property 3 in Proposition 4.2.9, the Poisson bracket
can be computed as:

where W = (w;j)ij-
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Conversely, given a skew-symmetric matric W = (w;j;)i;, the formula
n
of g
{f.g} = Z wl]aixic’)ixj
1,7=1
defines a Poisson bracket if the w;; satisfy Property 3 in Proposition 4.2.9.
Ezample 4.2.11. Suppose that w;; are linear functions for any 7, j and assume

that they have the form w;; = Y 7_; cfjxk, with cfj constants. Then, we have
the following equivalence:

w;; satisfy Property 3 in Prop 4.2.9 <= cfv

; satisfy Jacobi identity, (4.2.7)

which is the same as to say that the cfj are the structural constants of the dual
of a Lie subalgebra of R™.

Ezample 4.2.12. Suppose that w;; are constant functions for any i, j. The Pois-
son structure in this case is called a regular Poisson structure, and the matrix
W = (wjj)qj is of constant rank.

4.2.2 Bivector fields

Definition 4.2.13. Let M be a smooth manifold. A bivector field IT on M is
a section of the two exterior power of the tangent bundle, i.e., Il = T(A* TM).
In local coordinates:

” 0 0
M=) I—A——
i;l j&xi 81‘]’

Proposition 4.2.14. Let (M, {-,-}) be a Poisson structure in a smooth man-
ifold. Then, there exists a bivector field I such that, for any pair of functions

frg e (M), {f, g} =11(df,dg).
Proof. The coefficients II;; of the bivector field IT are defined locally by:
Hij = Wi = {Ii,ﬂf]‘} (428)

and the equality {f, g} = II(df, dg) follows from the definition and bilinearity of

Proposition 4.2.15. Given a bivector field I1, the operator { f, g} := IL(df, dg)
satisfies:

1. Anti-symmetry

2. R-bilinearity
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3. Leibniz rule

Proof. Anti-symmetry and bilinearity are automatic from definition of a bivector
field II. Since {f,-} = II(df,-) acts as a derivation, it also satisfies Leibniz
rule. O

Remark 4.2.16. The operator {f, g} := II(df,dg) does not satisfy Jacobi iden-
tity in general. In Example 4.2.17, for instance, Jacobi identity fails. In conse-
quence, not any bivector field gives raise to a Poisson structure. If I satisfies
[IT,II] = 0, where [-,-] is the Schouten bracket (see Definition 4.2.18), then it
satisfies Jacobi identity and it does give raise to a Poisson structure. From now
on, if (M, II) is said to be a Poisson structure, it will be assumed that [II, II] = 0.

Ezample 42.17. Let M = R® and take Il = £ A & + 22 A £ In this case,

by definition, {z,y} = 1 and {«, 2z} = . Then:

{z. Ay, 21} +{y {z 2} + {2 {z, 0} = (4.2.9)
={z,0} +{y, -z} +{z,1} = (4.2.10)
=0+ {z,y} +0= (4.2.11)
=140 (4.2.12)

meaning that the operator {f,g}n := II(df,dg) with the bivector field II =
8% A a% + x% A % does not satisfy Jacobi identity.

The Schouten Bracket

Definition 4.2.18. The Schouten bracket is the extension of the Lie bracket
of vector fields to alternating multi-vector fields. If A = a; A --- A a,, and
B = by A -+ Aby, are two multi-vector fields of degree n and m respectively,
then the Schouten Bracket between A and B is defined in terms of the Lie
bracket of vector fields [a;, b;] by:

[A, B] = Z(—l)H—j [ai, bj]al o Qp—1Q541 ambl . 'bj_lbj+1 s bn, (4.2.13)
4,J
where all the products are wedge products.

Ezercise 4.2.19. Let A=a1A---Nag, B=biAN---Abyand C =c1 A---Ac. be
two multi-vector fields of degree a, b and ¢ respectively. Proof that the Schouten
bracket satisfies the following properties:

1. Graded anti-symmetry:

[4,B] = (=)@ D0V[B, 4]
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2. Graded Leibniz rule:

[A,BAC] =[A,BIAC + (-1)*" VB A[A,C]

3. Graded Jacobi identity:
(=1t VA B, Ol +(-1) O V@ VB, [C AlJ+(-1) PV ED[C A, B) = 0

Ezercise 4.2.20. Proof that the Schouten bracket satisfies [II,II] = 0 for II =

9 9 o] 9
y%A@+%AE'

4.2.3 The Poisson category

Definition 4.2.21. If (M, {-,-}1) and (N, {-,-}2) are two Poisson structures on
the manifolds M and N, a mapping ¢ : (M, {-,-}1) — (N, {:,-}2) is called a
Poisson morphism if ¢*({f, g}2) = {¢* f, d*g}1 for any f,g € C(N).

Ezample 4.2.22. Let (M,{-,-}) be a Poisson manifold and g* the dual of a Lie
algebra. Then, a moment map F : (M, {-,-}) — g* is a Poisson morphism.

Example 4.2.23. Consider a Lie algebra g, a Lie subalgebra § and the inclusion
i :h — g. The dual of the inclusion, i* : g* — h* is a Poisson morphism.

Definition 4.2.24. Consider a Poisson manifold (M, 1) and a submanifold
(N,TIy) which also has a Poisson structure. (N,IIy) is a Poisson submanifold

if the inclusion map (N, Iy) < (M, II,;) is a Poisson morphism.

Definition 4.2.25. Let (M,II) be a Poisson manifold. A Poisson vector field
is a vector field X such that LxII = 0.

Remark 4.2.26. If X is a Poisson vector field, ¢;X, the flow of X, is a Poisson
morphism.

Remark 4.2.27. The following equivalence holds and gives an alternative defini-
tion of a Poisson vector field:

LxII=0 <« X({f,g}) ={X(f) g} +{f, X(9)} (4.2.14)

Definition 4.2.28. Let (M, {-,}) be a Poisson manifold. A Hamiltonian vector
field associated to a function f € C>°(M) is defined by X; = {f,-}.

Remark 4.2.29. In notation of vector fields, X = II(df, -).

Proposition 4.2.30. Suppose X is a Hamiltonian vector field. Then:

1. Xt is a Poisson vector field.
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2. X;(f) = 0.
3. If X4 is also Hamiltonian, [ Xy, Xy = X543

Proof. Let (M,{-,-}) be a Poisson manifold. Suppose X is the Hamiltonian
vector field associated to f.

L X;({g,h}) ={f {9, h}} = {g: {f, h}} + {{f. g}, h} =
= {9, Xs(h)} + {Xs(9),h} for any g,h € C>*(M), so Xy is Poisson.

2. X;(f) ={f, f} =0 by anti-symmetry.

3. See the proof of Lemma 4.1.25.

O

4.2.4 Symplectic foliations, splitting theorem and normal
forms

Theorem 4.2.31 (Stefan-Sussmann Theorem). Let M be a smooth manifold
and let D be a smooth distribution. Then, D is integrable if and only if it is
generated by a family C' of smooth vector fields, and is invariant with respect to

C.

Consider a Poisson manifold (M, {-,-}) and the set D = {X; | f € C*(M)}
of Hamiltonian vector fields, which is, in fact, a distribution.

Proposition 4.2.32. The distribution D = {X; | f € C>(M)} satisfies the
conditions of Stefan-Sussmann and, therefore, there exists a (singular) foliation
F integrating D which is symplectic.

Theorem 4.2.33 (Weinstein Splitting Theorem, ’83). In a neighbourhood of a
point p in a Poisson manifold (M, {-,-}) there exist local coordinates centered at
D (T1,Y1, -y Thy Yk 215 - - -5 21) Such that:

k
0 o
I = ; 8y1 + Z 0ij (2 8zz a—j (4.2.15)

1,j=1

and with ¢;;(0) = 0.

Remark 4.2.34. Weinstein Splitting Theorem tells us that, at each point p € M,
the Poisson structure splits in two parts. In a neighbourhood of p, the Poisson

structure II is the sum of IIg = Zf 1 az A 82 , a part which is dual to the

symplectic structure of the leaf through p, and Ilp Zi =1 Pij (z)% A %. The

) 7 J
condition [IT, IT] = 0 on the whole manifold implies that Il is a Poisson structure
by itself and it is called the transverse Poisson structure.
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Remark 4.2.35. This transverse Poisson structure does not depend on the par-
ticular transversal, it only depends on the symplectic leaf.

Remark 4.2.36. Weinstein Splitting Theorem is the closest Poisson analogous
to Darboux Theorem (4.1.16) for symplectic manifolds.

Remark 4.2.37. The rank of the Poisson structure II at p is 2k and it equals the
dimension of the symplectic leaf at p.

Definition 4.2.38. Let (M,II) be a Poisson manifold. The anchor map is the
following map:
o#: 1T°M — TM
a — I(ay-)

Remark 4.2.39. Recall that D, = {X; | f € C*°(M)} is the distribution tangent
to the symplectic foliation at a point £ € M. This distribution D, is precisely
the image of IT#(z) and the rank of IT at x equals IT#, the dimension of the
symplectic leaf through z.

Theorem 4.2.40 (Conn, Ginzburg). Consider a Poisson manifold (M,11) and
the splitting I1 = Ilg + Il given by Theorem 4.2.33. If the linear part of Il is
semisimple of compact type, then we can write, locally:

k l
0 0 0 0
I = ko — A —. 4.2.1

; axl 4 8yl + i,j,zkzzl CUZk 827, 4 82’]' ( 6)

Remark 4.2.41. The linearization of the transverse structure, Hg), corresponds
to the dual of a Lie algebra of semisimple compact type.

Remark 4.2.42. Tt is necessary to ask the linear part to be of compact type.
To show it, take the following counterexample of non-compact type: Consider
SL£(2,R)*, which is a semisimple algebra but is not of compact type. There is
a way to perturb G£(2,R)* in such a way that it is not equivalent to the linear
model (see [Wei83]).

4.2.5 Poisson Cohomology

The definition of the Schouten bracket (4.2.18) shows that the bracket of a
multi-vector field A of degree a with a multi-vector field B of degree b produces
a multi-vector field of degree a+b—1. If B is a bivector field, then the Schouten
Bracket of any multi-vector field A with B increases the degree of A in one.
Then, it is a good candidate for the differential of a Poisson Cohomology.
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Lemma 4.2.43. Let (M,II) be Poisson structure. Given A a multi-vector field
of any degree a, the following equation holds:

[IL, [IL, A]] = 0 (4.2.17)

Proof. By the graded Jacobi identity applied to the Schouten bracket of A of
degree a and II of degree 2, and using that [IT, II] = 0, we obtain:

(=1 I, [IL, A]] — [IL, [A, 1] = 0 (4.2.18)
By the graded anti-symmetry of the Schouten bracket:
[A, 1] = —(=1)*"HIL, A] = (=1)°[IL, A] (4.2.19)

So, combining 4.2.18 and 4.2.19:

0 =(—1)*"' [, [T, A]] — [IL, [A, T0]] = (4.2.20)
:(_l)a_l[n’ [HvAH - (_1)(1[1_[7 [Hv AH = (4 2 21)
=((-D)* '+ (=1)* ) [IL, [IL, A]] = (4.2.22)
=2(—1)*"1[I, [II, A]] (4.2.23)

O

Definition 4.2.44. Let (M,II) be a Poisson manifold. Consider multi-vector
fields of degree k, i.e., elements of X¥ (M), we can construct the following chain:

dn

o xRty 9 k(g B xR () (4.2.24)

where drj(A) = [II, A]. Because of Lemma 4.2.43, d% = [II, [II, A]] = 0. There-
fore, we can define the Poisson Cohomology groups HE (M) as:
ko — ker (dip s XF(M) — xR (M
sf () = Ker (dn s X5(M) ( ))/Im(dnzi‘k*l(M)H}:k(M))
(4.2.25)

Ezample 4.2.45. In a manifold (M,II) with the zero Poisson structure, i.e.,
with II = 0, the differential is dif = 0. Then, all the cohomology groups of
the Poisson cohomology are the multi-vector fields, Hf (M) = X¥(M). It is an
infinite-dimensional cohomology.

Ezample 4.2.46. In a manifold (M,w) with a symplectic structure, the Pois-
son cohomology groups are isomorphic to the De Rham cohomology groups,
Hfy (M) 2= H, p(M).
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This holds because the anchor map I1# : T*M — TM (see Definition 4.2.38)
is an isomorphism. The the wedge product keeps the isomorphy and, therefore,
we can compare both cohomologies because II# induces a map from forms to
multi-vector fields such that this diagram commutes:

... _dpr Qkil(M) dpr Qk(M) dpr QkJrl(M) dpr

[ne I [n# (4.2.26)
—E AL T AR(M) =T AT M)

Ezxample 4.2.47. Consider a b-symplectic manifold, i.e., a Poisson manifold
(M?",1I) of even dimension such that the map

o : M — N*™(TM)
z  —  II™(x)
is transverse to the zero section of the fiber bundle of the manifold. In this
manifold, locally IT writes in the following way:

k

0 0 0 0
II = — A — 4.2.2
;89@ A@yi +Z8z/\8t ( 7

And there is the following result.
Theorem 4.2.48. Let M be a compact manifold. Then, the following holds:

HE(M) =2 HY (M) @ HZ(2) (4.2.28)

where Z = {p € M | II"(p) = 0}, a codimension 1 submanifold of M which is
intrinsically associated to the b-Poisson structure.

So the cohomology in the b-symplectic case is almost like in the symplectic
case but with an additional term.
Example 4.2.49. If g is a Lie algebra and U neighbourhood a representation. In
general, HE(U) = H* (g,C>®°(U)) ® C£,(M). We use the Chevalley Eilenberg
Cohomology, which is associated to the representation of the Lie algebra on the
space C*°(M) given by the Poisson bracket {-,-}.

In the case that g a semisimple Lie algebra of compact type. The Poisson
cohomology of g a is:

Hy(U) = H*(g) ® (C*(U))°.
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Interpretation of the Poisson cohomology groups

Assume (M, II) is a Poisson structure. The cohomology group HY(M) is {f €
C>®(M) | X; = 0} the set of functions such that the Hamiltonian vector field
is zero. It is called the set of Casimir functions and can be also written as

{fec=(M)|{f g} =0vgel>(M)}

The cohomology group Hp (M) is the set of Poisson vector fields quotiented
by the set of Hamiltonian vector fields, because, ker ([II, A]) for A € X(M) =
C>° (M) is exactly the set of Poisson vector fields and Im ([IL, f]) for f € X°(M) =
C>° (M) is precisely the set of Hamiltonian vector fields.

The cohomology group HZ(M) is, explicitly:

mg() = THIL =000 0 xvx e 2y

It can be interpreted in terms of first order infinitesimal deformations modulo
trivial deformations.

Up to this point, it is possible to make the following analogies between
Symplectic and Poisson structures:

Symplectic Structure Poisson Structure

w € Q*(M) II € X2(M)
dw =0 [IL,T1) = 0
tx,w = —df Xy =I1(df,-)
Lxw=0 LxII=0
HJp(M) Hyi (M)

Definition 4.2.50. Two Poisson structures II;, I3 on a manifold M are com-
patible if [II;,1I2] = 0.

Remark 4.2.51. If TI; and I, are compatible, then Il5 is a 2-cocycle in H1211 (M)
and vice-versa.

Remark 4.2.52. If 1I;,II; are two Poisson structures on a manifold M, then
ally 4+ BII,, with «, 8 constants, is a Poisson structure if and only if II; and Iy
are compatible. This is because [aIl; + SII, all; + SIIs] = 2af[My, I15] since
[T, 1] = [T, II5] = 0.
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Definition 4.2.53. A vector field X is called bi-Hamiltonian with respect to
two compatible Poisson structures ITy and Il if X is at the same time Hamil-
tonian with respect to II; and with respect to Ils, i.e., if X = X}}ll = XJI};.

Proposition 4.2.54. Let X be bi-Hamiltonian and let fi1, fo be its Hamiltonian
functions. Then, {f1, f2}m, = {f1, fo}m, = 0.

Proof. We know that {f1, f1}m, = 0, by anti-symmetry. Then:

0={fi, itm, = X3 (fr) = X72(f1) = {fa, i}, (4.2.29)
Changing the role of f; and f5 the equality {f1, fo}m, is also proved. O

Example 4.2.55. Take a holomorphic function F' : C?> — C and decompose it
as F = G +iH with G, H : R%2 — R. The Cauchy-Riemann equations for F in
coordinates z; = x; + y; are:

oG OH oG oH
Ox; Oy ' Oy Owy

(4.2.30)

and imply that there is a vector field which is bi-Hamiltonian with respect to
two Poisson structures (in this case symplectic structures) which are compatible.
Then, we can rewrite the Cauchy-Riemann equations as:

{G,-}o={H,"}1 , {G,-}h=—{H, }o (4.2.31)

4.2.6 Integrable Systems

If we decompose the symplectic form in w = dz; A dze = wp + iwy, the bracket
{-, }o corresponds to the Poisson bracket associated to wy and the bracket {-, -},
corresponds to the Poisson bracket associated to wy. This implies automatically
that the real and imaginary parts of a holomorphic function provide commuting
functions for both Poisson structures.

Definition 4.2.56. Let (M, w) be a symplectic manifold. An integrable system
on M is given by n functions f1,..., f, such that:

1. f1,..., fn are independent in a dense set.

2. {fi, f;} =0 for any 4, j, where {f;, f;} = w(Xfi,ij).

Remark 4.2.57. The functions fi,..., f, are independent in a dense set if and
only if dfy A--- Adf, # 0 in a dense set.
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Exercise 4.2.58. Given two functions H, K € C*(R3), consider the system of
differential equations given by:

(#,9,%) = dH A dK (4.2.32)

The field dH A dK is a bi-Hamiltonian vector field. We define the following two
Poisson structures:
{}m: COR%) xC*(R?) — C=(R?)
(f.9) +—  det(df,dg,dH)

: {fag}H

{ s COR) xCPRY) —  C®(RY)
(f.9) > det(df,dg,dK) =:{f, g}k

Proof that the flow of the vector field {K, -}y := det(dK, -, dH), which is the
same as {—H, -}, is the solution of 4.2.32 and it is bi-Hamiltonian with respect
to {-,-}m and {-, } k.

Ezxample 4.2.59. Consider a surface and suppose an integrable system is defined
on it. Since it is a 2-dimensional manifold, the integrable system is given by a
single function y. If we assume that the fibers are compact, then they can only
be circles or points and they form a fibration.

If the surface is a 2-sphere and the function is the height function h, the
dynamics of the system is given by rotations around the height axis. Explicitly,
if we consider the symplectic setting and we take w = dh A df, the dynamical
system is given by ¢ QW= —dh. It is a Hamiltonian system and h is a moment
map.

Definition 4.2.60. Let (M,II) be a Poisson manifold of dimension n and of
(maximal) rank 2r. A family of functions fi, ..., fs € C*°(M) defines a Liouville
integrable system on (M, 1I) if:

1. fi,...,fs are independent almost everywhere (i.e., their differentials are
independent on a dense open subset of M),

2. f1,..., fs are pairwise in involution,

3. r+s=n.

Viewed as a map, F := (f1,..., fs) : M — R® is called the momentum map of
the system.

For a given Liouville integrable system, we have two different foliations.
First, we can consider the span of the set of Hamiltonian vector fields corre-
sponding to the s components of the moment map F, i.e., D = (Xp,...,Xy.).
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It is indeed an integrable distribution because [Xy,, Xf,] = Xy, 5,3 = Xo =0
for every 1,7, since {f;, f;} = 0 for every i,j because they are in involution.
Then, there exists a foliation F*° given by the integral manifolds of this distri-
bution. At each point m € M, it satisfies T,,,(F.,) = Dy, where F}, is the leaf
of F! through the point m. The leafs of F! are called invariant submanifolds.

We can also consider the moment map F = (fi,..., fs), which defines a
fibration on M. Then, it defines a second foliation on M, F2. In a regular point
m € M, it coincides with F!.

Theorem 4.2.61. Let m be a point of a Poisson manifold (M,I1) of dimen-
sion n. Let p1,...,p, be functions in involution, defined on a neighborhood
of m, which vanish at m and whose Hamiltonian vector fields are linearly
independent at m. Then there exist, on a neighbourhood U of m, functions
Qs Qry 21y« -y Zn—ar, Such that:

1. The n functions (p1,q1,---,PryQrs 215 - - -y Zn—2r) form a system of coordi-
nates on U, centered at m,

2. The Poisson structure 11 is given on U by

r o b n—2r P P
= ig\~) o N 4.2.

where each function g;;(z) is a smooth function on U and is independent
Ofp17' cesDryq1y - - -5 4r-

Remark 4.2.62. The rank of IT at m is 2r if and only if all the functions g;;(2)
vanish for z = 0.

Remark 4.2.63. In general, integrable systems on Poisson manifolds do not split
in the sense of Weinstein Splitting Theorem (4.2.33), i.e., it is not possible to
separate F' into F' = (Fs, Fr).

In a 2010 paper of Laurent-Gengoux, Miranda, Vanhaecke [LMV11], an
action-angle theorem in the general context 4.2.64 of integrable systems on
Poisson manifolds is proved, as well as for the version for non-commutative
integrable systems 4.2.65.

Theorem 4.2.64. Let (M,II, F) be an integrable system, where (M,II) is a
Poisson manifold of dimension n and rank 2r and F is a moment map. Sup-
pose that, at a point m € M, F,, is a standard Liouville torus. Then, there ex-

ist R-valued smooth functions (p1,...,pn—r) and R/Z-valued smooth functions
(01,...,0,), defined in a neighborhood U of F,, such that:
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1. The functions (01,...,0,,p1,...,Dn—r) define an isomorphism U ~ T" x
Bn—’r"

2. The Poisson structure can be written in terms of these coordinates as

In particular, the functions pyyi,...,Pn—r are Casimirs of 11 (restricted
toU),

3. The leaves of the surjective submersion F' = (f1,..., fn—r) are given by
the projection onto the second component T" x B™~". In particular, the
functions p1,...,pn_r depend only on the functions fi,..., fn_r.

The functions 61,...,0, are called angle coordinates, the functions p1, ...,Dp,
are called action coordinates and the remaining coordinates pyy1,...,Pp—r are
called transverse coordinates.

Proof. We denote s := n — r. Since F,, is a standard Liouville torus, on a
neighborhood U’ of F,, in M there exist, on the one hand, Casimir functions
DPri1,---,Ps. On the other hand, there exist F-basic functions p1,...,p, such
that p := (p1,...,ps) and F define the same foliation on U’ and such that the
Hamiltonian vector fields X, ,..., X, are the fundamental vector fields of a
T"-action on U’, where each of the vector fields has period 1. The orbits of
this torus action are the leaves of the latter foliation. In view of the Theorem
(theorem 4.2.61), on a neighborhood U” C U’ of m in M, there exist R-valued
functions 64, ..., 0, such that:

m=>" g A i. (4.2.34)

On U, X,,
period 1 on U’, it is natural to view these functions as R/Z-valued functions,
which we do without changing the notation. Notice that the functions 64, ..., 0,
are independent and pairwise in involution on U”, as a trivial consequence of
Equation 4.2.34. In particular, 6,,...,0,,p1,...,ps define local coordinates on
U”. In these coordinates, the action of T" is given by:

= %, for j = 1,...,r. Since each of these vector fields has
J

(t17~-‘7t’l") ' (917"‘70T7p17"‘7ps) = (91 +t17~-‘7er +t’rap17"'7ps)7 (4235)

so that the functions 6; uniquely extend to smooth R/Z-valued functions satis-
fying (4.2.35) on U := F~}(F(U")), which is an open subset of F,, in M. The
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extended functions are still denoted by 6;. It is clear that {6;,p;} = 5{ on U,
for all 3,5 =1,...,r. Combined with the Jacobi identity, this leads to

ka [{9170]}] - {{9i79j}7pk} - {017 ]} {0J7 i } =0,

which shows that the Poisson brackets {6;,0;} are invariant under the T-action.
But the latter vanish on U”, hence these brackets vanish on all of U, and we
may conclude that on U, the functions (61, ...,60,,p1,...,ps) have independent
differentials, so they define a diffeomorphism to T" x B® where B? is a (small) ball
with center 0, and that the Poisson structure takes in terms of these coordinates
the canonical form (4.2.34), as required. O

The action-angle theorem can be extended to standard Liouville tori of a
non-commutative integrable system.

Theorem 4.2.65. Let (M,II) be a Poisson manifold of dimension n, equipped

with a non-commutative integrable system F = (f1,..., fs) of rank r. Suppose
that, at a point m € M, F,, s a standard Liouville torus. Then, there ex-
ist R-valued smooth functions (p1,...,Pry21,.--,2s—r) and R/Z-valued smooth

functions (01, ...,0,), defined in a neighborhood U of F,,, such that

1. The functions (61,...,0r,01,...,Dry21,-..,2s—r) define an isomorphism
U~T" x B?,

2. The Poisson structure can be written in terms of these coordinates as

0
Im=
Z 80 821
3. The leaves of the surjective submersion F = (f1,..., fs) are given by the

projection onto the second component T" x B*. In particular, the functions
DlyeeesPry 21,5 25—y depend only on the functions fi,..., fs.

The functions 01, ...,0, are called angle coordinates, the functions p1, ..., p, are
called action coordinates and the remaining coordinates z1,...,2s—, are called
transverse coordinates.

Proof. Conditions (1) and (2) imply that, on a neighborhood U’ of F,, in M,
there exist, on the one hand, F-basic functions z1,...,2s_, and, on the other
hand, Cas-basic functions pq,...,p,, such that:

D= (p17"' yDry 215 - .-,Zs_r)

and F define the same foliation on U’,
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e The Hamiltonian vector fields X, ,..., X, are the fundamental vector
fields of a T"-action on U’, where each has period 1.

The orbits of this torus action are the leaves of the latter foliation. In view of
Theorem 4.2.61, on a neighborhood U” C U’ of m in M there exist R-valued
functions 64, ..., 0, such that

d
= Za& +Z¢kl 8zk 5‘21 (4.2.36)

The end of the proof goes along the same lines as the end of the proof of theorem
4.2.64. O
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